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Abstract

In this paper we model a language competition situation between a dominant majority language
H and a minority language L, where the minority language group is a result of a continuous and
ongoing migration process. Migrants enter the society as monolinguals in L or already as bilinguals,
form families and produce offspring. Offspring are raised in either one of the two languages or
both, are formally educated primarily in the dominant language and will produce a next cohort with
its own linguistic repertoire. Furthermore, adult language learning is considered. Since properly
designed language competition models allow predictions on the future development of the linguistic
composition of a population, we scrutinize the possibility of using language competition models as
tools for ex ante policy evaluation.

1 Introduction

Language competition models are formal mathematical models that describe the “competition” between
two or more language communities. More precisely, it is modeled how the (relative) size of certain
language groups or the geographical distribution of certain languages changes over time within a given
territory. Therefore, we also use the term ‘language dynamics models’. In the past two decades a
growing number of such models were developed and analyzed. They borrow techniques and ideas from
biology, chemistry, physics and economics, and use respective metaphors to describe and simulate the
(aggregated) linguistic behavior of human beings.1

Many language competition models are concerned with processes of language decline and language
death. This is motivated by the observation that "[a]ll over the world, people are stopping speaking
minority languages and shifting to languages of wider communication" (Sallabank, 2012, p. 104). It is
predicted that 90 percent of the currently 7000 spoken languages will not survive the end of the century
(Krauss, 1992). Based on quantitative (historical) data on specific cases of language competition or, more

∗Research supported by the European Community’s Seventh Framework Program under grant agreement No. 613344
(Project MIME).

1E.g. “[L]anguage competition resembles the competing relation in ecology, where the rise or decline of the population
size of a species is influenced by the growth rate of the competing species. This competing relation exists not only between
predators and preys, but is common among various species in the biological world” (Zhang & Gong, 2013, p. 9699).
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globally, on the changing total number of actively spoken languages, researchers try to develop models
that are able to simulate similar data. “The hope is that as more and more quantifiable relations in and
among languages are discovered and simulation models are developed which can adequately replicate
these distributions, the simulation models will of necessity become more and more adequate as models
of actual languages [...]” (Schulze et al., 2008, p. 15).

In contrast to the majority of language competition models that are concerned with the extinction and
revitalization of languages historically rooted in specific regions, we here focus on minority languages
(from the host country point of view) mostly spoken by “newcomers” or their descendants. According
to the United Nations (2013) there were 232 million international migrants worldwide, and in the global
north migrants make up 10.8% of the total population.Take the European Union as an example. Within
the Union with its currently 24 official languages citizens of EU member states can easily move to and
work in other member states. In view of high unemployment rates in some member states and demand
for qualified staff in others, (workforce) mobility becomes even more attractive. Moreover, of course,
there is migration from outside the EU2. Such mobility flows within the EU an from outside the EU have
an impact on the linguistic composition of single member states. Therefore, it needs adequate models
that can simulate the medium- and long-term linguistic effects of international mobility.

We confine ourselves to states or regions with one official or dominant language facing an ongoing
influx of speakers of another language, e.g. the official language of another state or region. Examples
could be Spanish in the US, Turkish or Arabic in EU member states or the dominant language of one
European state in another European state with a different dominant language. Throughout the paper we
call the locally dominant (high status) language H and the (low status) language of the newcomers L.
The model developed in this paper describes how the number of speakers of H and L change over time.
One mechanism that drives the language dynamics and that is explicitly modeled is external mobility,
i.e. the influx of new individuals with certain language repertoires. A second mechanism that affects
the evolution of the linguistic composition of the population is intergenerational language transmission.
Individuals form couples and families, have children and transmit one or more of the languages they
speak to their children. For these processes emotional and instrumental motives as well as external
conditions such as linguistic concentration/segregation play an important role and are included in the
model. A third mechanism taken into account is language learning. On the one hand, young newcomers
or children of newcomers enjoy formal education in one of the two languages or both – in practice
predominantly in H – and might become bilingual or even monolingual in H . On the other hand,
adult newcomers might acquire the locally dominant language over the years to improve their social
and economic opportunities. The model proposed here comprises these three mechanism to describe the
language dynamics of a population that is constantly changing.

A second aspect in which the approach taken here differs from some of the work in the literature is that we
do not aim at explaining the ‘how and why’ of language dynamics, e.g. by identifying abstract principles
that might explain long-term developments. Instead, we build on the extensive research of socio-linguists
and other social scientists to design a preferably informed and realistic model of processes at hand. To
do so, we review literature from different fields on language transmission, language acquisition and
language learning and identify important factors and variables that drive the language dynamics and
should thus be modeled. The aim of our research is to present a model design that enables predictions
of the nearer linguistic future of a population facing mobility. Above that, the model shall be able to
simulate how this future can be altered through a change of relevant model parameters. For this to be
meaningful, such parameters cannot just be abstract and rather arbitrary numbers, but have to correspond
to measurable quantities. The hope of our research is that adequate models can be used to simulate

2“A total of 3.4 million people immigrated to one of the EU-28 Member States during 2013 [...]. Among these 3.4 million
immigrants during 2013 there were an estimated 1.4 million citizens of non-member countries [...]” Eurostat (2014).
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language planning policies and their effects on language dynamics. If this is possible, then language
competition models could function as formal tools to ex ante evaluate language policies.3

The paper is organized as follows. In the remainder of Section 1 we give a short overview of the language
competition models available in the literature and discuss how far they can be used to simulate meaning-
fully the effects that changes in the linguistic environment have on the language dynamics. In the first
two parts of Section 2 the ‘the number of speakers’ – as the central object of interest – and the conceptu-
alization of the dynamics are discussed. Thereafter, literature on language transmission and acquisition
is reviewed in some detail and the operationalization of the linguistic environment is outlined. At the
end of this section, population dynamics and time scales are discussed. In Section 3 the general model
formulation is presented and specified in Section 4. Section 5 provides an analysis of the steady states
of the model, while in Section 6 interventions are discussed. In Section 7 some numerical examples
shall illustrate the language dynamics graphically and show how a change in model parameters affects
medium- and long-term outcomes. The conclusions are provided in Section 8.

1.1 Language Competition Models: A Short Overview

One important point of departure was a short paper published in 2003: “It was the population dynamics
model of Abrams and Strogatz [...] which started the avalanche of physics papers on language compe-
tition” (Schulze et al., 2008, p. 13). In their “minimal model” two languages compete for monolingual
speakers. The attractiveness of a language is determined by the number of its speakers as well as its
“perceived status”.4 Hence, it is assumed that the higher the number of speakers of a language and the
higher its status, the more speakers it attracts. These two assumptions are formalized by a differential
equation that describes the language dynamics.

On the one hand, Abrams and Strogatz could fit their “minimal model” to aggregated empirical data of
endangered languages.5 On the other hand, the model is quite simplistic, does not really account for the
underlying social and linguistic processes of language acquisition, language transmission and language
change, neglects bilinguals and predicts that always one of the two competing languages will become
extinct in the long run.

Due to such shortcomings the Abrams-Strogatz (AS) model was revised and extended by many authors,
especially from the field of (statistical) physics. Patriarca & Leppänen (2004) and Patriarca & Heinsalu
(2009) include spatial components in their adaptions of the AS model. They take geographical inho-
mogeneities into account and could show that it is possible that both languages survive in two different
geographical regions. Mira & Paredes (2005) introduced the idea of similarity between competing lan-
guages to the original model and could prove that both languages can survive if they are close to each
other. Stauffer et al. (2007) propose microscopic or individual based versions of the AS model and apply
simulation techniques instead of averaging over the whole population.

Furthermore, Mira & Paredes (2005), Wickström (2005), Minett & Wang (2008), Heinsalu et al. (2014)
and others extended the A-S model by additionally considering bilinguals. The role of bilinguals in lan-
guage shift is crucial, since in practice individuals seldomly change from being monolingual in one lan-
guage to being monolingual in the other language. Instead, it is far more realistic to consider transitions

3“[I]n my view, the chief usefulness of an economic perspective on language probably is not so much that it helps to
understand language-related processes as such.) [...] The chief usefulness of language economics is derived from its capacity
to formulate, evaluate and compare policy options regarding language, and hence to assist in decision-making” (Grin, 2003, p.
5, emphasis in original).

4“[A] parameter that reflects the social or economic opportunities afforded to its speakers”.
5They investigated four cases studies: Scottish Gaelic in Sutherland, Scotland; Quechua in Huanuco, Peru; Welsh in Mon-

mouthshire, Wales; Welsh in all of Wales.
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from monolinguals in one language to bilinguals and - in a second step - from bilinguals to monolinguals
in the other language. For such a two step transition it normally takes more than one generation. For that
reason, some authors explicitly modeled vertical, i.e. intergenerational, language transmission. Minett
& Wang (2008) develop a uni-parental model for vertical language transmission. Children of monolin-
gual parents are raised monolingual, while bilingual parents raise their children either as monolinguals
or bilinguals, depending on the distribution of speakers and the statuses of the languages. In contrast,
Wickström (2005), Fernando et al. (2010), Templin et al. (2016) and others use a two-parents model.
Here adult individuals (randomly) form families and bring up their children in either one of the parents
languages or in both of the parents languages. Based on a very general utility maximization frame-
work for individual families Wickström (2005) proved general properties of intergenerational language
transmission.

An other feature of the model developed in Minett & Wang (2008) is horizontal language transmission.
During their lifetime monolingual adults can learn a second language and therefore become bilingual.
The incentive to learn a second language increases with the number of speakers of that language as with
the status variable.

In contrast to Abrams and Strogatz, Pinasco & Romanelli (2006) proposed a Lotka-Volterra type model6

inspired by population dynamics to model language competition and also show the possibility of coex-
istence. Spatial extensions of this model can be found in Kandler & Steele (2008) and Kandler et al.
(2010). Zhang & Gong (2013) also use a Lotka-Volterra type model, but avoid using a “abstract [status]
parameter [that] lacked explicit sociocultural meanings” (Zhang & Gong, 2013, 9698). Instead, they
introduce a language diffusion principle7 and two language inheritance principles8 to estimate model
parameters. To fit their model to historical data, the authors introduce a (linear) time transformation of
the original model, but do not really theorize this transformation. In the end, they avoid using the status
parameter, but get a new time-transformation parameter, which is again hard to interpret.

A third strand of research takes an economic approach to model language dynamics. One of the first
dynamic language economics models was presented in Grin (1992). Grin considers two languages.
Bilingual agents can conduct activities in both languages and gain utility from them. Activities require
the investment of time and goods, while both are limited. The model can be characterized as economic,
since “language use is analyzed as an object of choice by individuals who maximize a utility function”
(Grin, 1992, p. 74). Individual utility maximizing choices at time t affect choices at time t + 1 due to
network effects: the more the minority language is used at time t, the more attractive is the minority
language at the next point in time. These network effects drive the dynamics. A second model to be
mentioned here was developed in John & Yi (1996).There, a two period model for two monolingual
regions with different languages is developed. In every period individuals can either learn the other
language or engage in production. Between the periods, they are able to move to the other region and
engage in production there. The authors assume network externalities, which connect one individuals
decision to all other individuals: “per capita production of an agent is (weakly) increasing in the number

6A set of differential equations that are used in evolutionary biology to describe the dynamics of biological systems in which
two species compete with each other, normally one as a predator and one as a prey.

7“People are language carriers; language diffuses along with the diffusion of the population [...]” (Zhang & Gong, 2013, p.
9699). People diffuse from a center with a high population density to regions with lower population densities. With them the
language of the center diffuses. The further away a region is from the center, the lower is the impact of this center-language.
The mathematical principle that models this diffusion is inspired by Fourier’s law of heat conduction.

8The “inheritance rate of a language reflects the inheritance capacity of this language during learning” (Zhang & Gong,
2013, 9698). The concept of inheritance capacities is borrowed from genetics. The first inheritance principle roughly states
that if language learning is random, then the populations speaking different languages remain constant across generations.
Therefore, the inheritance rates depend on the sizes of the three language repertoire groups. To apply the model to real-life
situations information on the number of speakers is needed. If such data are not available, then the second more abstract
inheritance principle can be used. This second principle is inspired by lexical diffusion dynamics in computational linguistics.
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who speak the same language” (John & Yi, 1996, p. 4). A dynamic version of the two-period model
with successive generations can be found in John & Yi (2001). In a similar fashion, Tamura (2001)
considers two regions with monolingual populations. Individuals do not choose whether or not to learn
the other language. Instead, parents decide on spending time to raise their children as bilinguals, which
might have a positive impact on the child’s income, or to spend their time on consumption. Since time
is a scarce resource, parents have to make an optimal decision. Another economic approach is presented
in Kennedy & King (2005). They construct a three generation model with overlapping generations,
where adults vote for public language policies. Two languages are considered and people are either
monolinguals or bilinguals. As before, for production adults profit from other adults speaking their
language(s) and are hence interested in educational policies that teach their language to children. At
the same time education is costly, such that adults have to weight costs against benefits. The voting
decisions then drive the language dynamics. A last set of models to be mentioned here applies a game
theoretic approach. Although they are no actual dynamic models (they do not describe how the linguistic
composition changes over time), they inspired many of the previously listed economic models. In 1991
Selten and Pool published a model that can account for an arbitrary number of languages. They assume
that the distribution of native languages is fixed and that individuals can learn additional languages.
Importantly, not all of the languages considered by the model have to have native speakers. Individuals
(or players in the game theoretic jargon) gain communicative benefit from knowing additional languages
while learning them produces costs. The communicative benefit a player gains from a language depends
on the number of speakers of that language weighted by an “importance function”. “The importance
function is intended to reflect the fact that economic, geographical, and other attributes of a person affect
the value of being able to communicate with this person” (Selten & Pool, 1991, p. 67). The authors
show that for this multilingual setting an equilibrium exists. Adoptions, extensions and applications of
the Selten-Pool model or comparable game-theoretical approaches can, for example, be found in Church
& King (1993), Ginsburgh et al. (2007), Gabszewicz et al. (2011) and Iriberri & Uriarte (2012).

For more extensive overviews of most of the papers listed above see Patriarca et al. (2012), Gong et al.
(2014) and John (2016).

1.2 Phenomenological Versus Mechanistic Models

We are interested in a model design that enables us to simulate the language dynamics of a population
given certain information on the linguistic environment. Since certain aspects of the environment can
be seen as a result of language policies, e.g. language(s) of instruction in schools or languages used in
public administration, such a model design could help policy makers to compare and evaluate different
policy options ex ante.

Some of the existing language competition models already deal with language policies, especially with
revitalization policies for endangered minority languages. Even Abrams and Strogatz express the hope
that their minimal model “may be useful in the design and evaluation of language-preservation programs”
(Abrams & Strogatz, 2003, p. 900). Minett & Wang (2008) go further and introduce a simple policy to
illustrate that with state intervention the minority language can be maintained. They “assume that a
community can bring about a change in the value” of relevant model parameters whenever the number of
speakers of the minority language falls below some threshold. Due to such a change of parameters, the
numbers increase again and the minority language is saved from extinction.9 However, it is not quite clear

9A similar notion can, for example, be found in Heinsalu et al. (2014): “Importantly, specific linguistic policies aimed at
defending and revitalizing minority languages can be described by a change in the values of α and β” (p. 14). These parameters
“may be interpreted as the importance of the bilinguals as the representatives of Y, X to the monolinguals of X, Y respectively”
(p. 11), where X and Y denote the two competing languages.
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what these parameters are and hence what such an intervention actually means. The parameters indicate
the “peak rate” at which individuals with one linguistic repertoire switch to another repertoire, which “
can reflect, variously, the rate of contact between pairs of individuals, the propensity for individuals to
learn a new language based on their existing linguistic skills, or the provision of language resources to
children” (Minett & Wang, 2008, 22).

As already pointed out by (Fernando et al., 2010, p. 50), these parameters can not be measured directly
and hence their values can not be justified. Therefore, neither the model of Abrams and Stogatz nor the
more sophisticated model by Minett and Wang can be used realistically to simulate language policies.
This is the problem with most available language competition models, where some rather artificial pa-
rameters are used to describe language dynamics. Even if such parameters are estimated through a fit
of the model to empirical data, there is no proper interpretation for their concrete values. This is espe-
cially true for a parameter present in almost every model, called the status of a language or prestige of
a language. Here, Fernando et al. ask “what were the characteristics of a language having a prestige
value, say 1.2, and what was the sociocultural condition corresponding to the difference between two
languages having prestige values, say 1.2 and 1.3, respectively (Fernando et al., 2010, p. 50)”. On the
basis of such vague concepts as the status, models like the one by Abrams and Strogatz are “unable to
suggest anything more explicit [to save endangered languages] than the obvious advantage of increasing
the status of the low-status language” (Fernando et al., 2010, p. 50). A similar criticism is expressed in
Zhang & Gong (2013, p. 9698): “However, this abstract [status] parameter lacked explicit sociocultural
meanings”. Fernando et al. (2010) call models that are based on parameters whose values are arbitrary
or just obtained by model fits, but lack explicit meaning, “phenomenological” models. Instead, they
promote a more “mechanistic” approach, which means to develop models “characterized by parameters
that are measurable in the field” (p. 52) and therefore have “predictive power” (p. 49). Since we are in-
terested in models that allow more or less realistic evaluations of language policies, we follow Fernando
et al. in their call for “mechanistic” conceptions.

2 Towards a Mechanistic Model

This section is devoted to a number of central aspects of language competition models and how they
are dealt with in the literature. The aim of the following deliberations is twofold. On the one hand, we
would like to make the modeling approach more accessible for scholars that are not familiar with all the
mathematical concepts used in language competition models. In our opinion we rely on the expertise
and research of scholars from various fields to design informed and realistic models. Hence, it should be
made possible at least to assess the underlying theoretical assumptions incorporated in the mathematical
models. Enhancing interdisciplinary exchange could furthermore increase the influence of the modeling
approach in the social sciences. On the other hand, we want to give a more detailed overview on how
central aspects of language dynamics are approached differently in the literature. This examination yields
the foundation for the design of our own model.

We start with ‘the number of speakers’ as the central object of interest and how it is operationalized.
Thereafter, we discuss how the dynamics are conceptualized. As the main drivers for language dynamics,
processes of language transmission and acquisition are discussed in greater detail. Furthermore, we
outline how population dynamics and age structure are taken into account. At last we discuss time scales
and time frames in language competition models.
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2.1 Numbers of Speakers

Language competition models are concerned with the distribution of certain language repertoires through-
out a population or a given territory. The vast majority of models available in the literature consider two
languages, a high status language H and low status language L. Hence, the first step in the development
of a language competition model is to specify the different language repertoires10 that are taken into
account. In the following we will use the term language repertoire group (LRG), which is defined as the
collection of individuals having the same language repertoire (LR).11 Every individual within the popu-
lation has to be assigned to only one language repertoire group. As in most language competition models
we consider three language repertoire groups: monolinguals in L, monolinguals in H and bilinguals.

At a first glance it might seem straight forward for non-linguistis to assign every individual to one of
those three groups. But the “question of what it means to know a second language turns out, like all
good questions, to have many possible answers” (Spolsky, 1989, p. 140). For example, what about an
individual that grew up in language H and acquired some of language L later on in her life? How well
does she have to speakL to count as bilingual? Is a basic knowledge ofL sufficient, or does she have to be
fluent in L? These questions indicate that the task of assigning individuals to language repertoire groups
it is not an easy one. In principle, one could introduce a whole range of different language repertoire
groups, including e.g. individuals speaking only one language, individuals fluent in one language with
some basic knowledge of the other language and individuals fluent in both languages.

For simplicity and mathematical tractability, we restrict ourselves here to the three language repertoire
groups. How individuals are grouped together then largely depends on the underlying definitions of
monolingualism and bilingualism, and there are various ways to define these concepts, see e.g. (Baker,
2011, pp. 2-17). Most of the papers that provide mathematical models for language competition do not
explicitly discuss this issue.12 In contrast, Wickström (2005) and Fernando et al. (2010) provide two
possible conceptions of bilingualism. To be a bilingual in the sense of Wickström (2005), one has to be
raised bilingually: “By monoglot we understand a native speaker of only one language. Such a person
might be able to communicate very well in the other language, but not with the ease or comfort of a
native speaker. [...] A bilingual person is, hence, someone who is fully socialized into both language
groups” (p. 83). According to (Fernando et al., 2010, p. 53), however, bilingualism is defined as “the
ability to function confidently in two languages, that is, the ability to have communicative competence in
two languages” (p. 53). Using such a definition, Fernando et al. allow language acquisition outside the
family. Although Minett & Wang (2008) do not provide any explicit definition of bilinguals, it is apparent
that they have a similar conception in mind, since it is the case that languages can be learned later in life
as well. Since we emphasize the role of language as a tool for communication and as human capital and
want to take different modes of language acquisition into account (see below), a functional understanding
of proficiency appears to be the most appropriate. We thus follow the definition of bilingualism given by
Fernando et al. (2010).13

10Here, we use the term ‘linguistic repertoire’ in the very narrow sense as the set of languages a person commands, while
only the two languages H and L are taken into account, see below.

11Note that this definition neither implies nor precludes any kind of group identity.
12Exceptions are e.g. Grin (1992) or John & Yi (1996).
13For the development of language dynamics models and hence for the current paper such a definition is sufficient. Unfor-

tunately, if one would like to use the model to analyze a real-life language competition situation, then linguistic competences
would have to be determined throughout a larger population, which requires extensive language testing and is hence expensive
and tedious. Therefore, for any real-life application of the model we mostly rely on information compiled through quantitative
surveys or studies as ‘censuses’. In such surveys we can find self-reported data on the level of language proficiency. Although
self-reported data are by far not ideal to reliably access linguistic competences, see (Baker, 2011, Chapter 2) for example, in
most cases these are the only large-scale data available. Hence, for applications we would call an individual a speaker of a
language if she reports to speak/know the language very well.
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Now we can define the central dependent variables (or state variables) of the language competition model.
In the literature we find two different approaches: microscopic models and macroscopic models, cf.
Patriarca et al. (2012). In a microscopic model a finite number of individuals is considered. These
individuals form a network and are connected either to all other individuals within the network or only
to some of their neighbors, see e.g. Stauffer et al. (2007). In microscopic models the language repertoire
of every individual is monitored. In contrast, macroscopic models only consider the sizes of the different
LRGs and, in some cases, their geographical distribution. To illustrate the macroscopic approach we
introduce some notation that is used throughout the paper. LetXH denote the fraction ofH-monolinguals
of the population, XL denote the fraction of L-monolinguals and XB denote the fraction of bilinguals.
Note that XB = 1 − XH − XL, i.e. that all language repertoire groups together make up the whole
population. Hence, the vector X := (XH , XL), which is the central dependent variable in our model,
fully characterizes the linguistic composition of the population. A macroscopic model – as proposed in
this paper – is only concerned with the linguistic composition of the population as a whole, not with the
language repertoires of single individuals. One reason for choosing a macroscopic over a microscopic
approach is that the linguistic composition X can be obtained from quantitative surveys. Although such
surveys also provide information on the language repertoires of a number of single individuals, normally
these individuals are not directly connected to each other.

2.2 Dynamics

Language competition models are concerned with how the linguistic composition of a population changes
over time. Models make (probabilistic) statements about the composition of “tomorrow”, given today’s
composition as well as other relevant information. In formal terms this reads as follows. Let t denote
time. We write XLR(t) for the fraction of the population having language repertoire LR, LR = H , L
or B, at time t. Given X(t) := (XH(t), XL(t)) and other relevant information, a language dynamics
model makes statement about X(t + 1).14 This subsection aims at explaining the general idea of how
the dynamics are modeled.

The evolution of the linguistic composition can be seen as an aggregated result of individual language re-
lated behavior or decisions. This includes the communication of parents with their children, decisions on
schools and foreign languages in formal education, adult language learning, language use in multilingual
contexts and consumption of cultural products, to name some important aspects. Every such individ-
ual behavior is framed by a given linguistic environment, which includes the linguistic composition of
the population.15 Take language acquisition in formal education as an example. Which languages are
learned depends, among other factors, on the language(s) of instruction, on which foreign languages are
offered and on how schools deal with speakers of minority languages. At the same time, individuals ac-
tively shape the linguistic environment through their behavior. To put it differently, individual language
related behavior is not isolated but affected - at least to some extent - by the behavior of the rest of the
population. For example, the decision of a monolingual speaker of a minority language on learning the
majority language might be different in a situation where 30% of the population speaks her language

14Gong et al. (2014) classify models either as rule-based or as equation-based. Providing formulas for X(t + 1) based on
X(t) and other relevant information refers to the equation-based approach, on which we concentrate in this paper. Furthermore,
as outlined in the previous section, some models additionally have a spatial component. Accordingly, such models make
statements about the next point in time (t+ 1) for every point in space.

15Linguistic environment is a “[t]heoretical construct used for analytical purposes. It subsumes in an extensive (but obviously
not exhaustive) fashion all the relevant information about the status, in the broadest sense of the word, of the various languages
present in a given polity at a certain time. This includes the number of speakers, individual proficiency levels in the various
languages, the domains of use of each language by different types of actors (individuals, corporations, the state, civil society
organizations), and their attitudes towards the languages considered” (Grin & Vaillancourt, 1997, p. 49).
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compared with a situation where only 1% speaks the minority language. We therefore speak of network
effects or network externalities.

In short, we conceptualize language dynamics as follows. At each point in time individuals in a pop-
ulation show some linguistic behavior or, respectively, make some language related decisions. This
behavior is affected by the linguistic environment. The linguistic behavior of the population, understood
as aggregated individual decisions, may change the linguistic environment at the next point in time. This
influence of todays behavior on the behavior of tomorrow reflects the network effects.

To derive an explicit model we start with the individual level. We need to clarify which behavior is con-
sidered, which elements of the linguistic environment are taken into account and how individual behavior
is affected by the environment. As a result we obtain models for individual behavior. Next, individual
behavior is aggregated and properties of the aggregated behavior are derived.16 Last, a (simple) mathe-
matical model that satisfies these properties is proposed and analyzed. Hence, we use a methodological
individualistic approach to model language competition.

2.3 Individual Level

The linguistic composition of a population, e.g. the inhabitants or citizens of an EU member state,
evolves due to a number of complex processes or mechanisms. As every model builds on a necessary
simplification of the complex reality, we restrict ourselves to four important ones. First, individuals enter
or leave the population. On the one hand, children are born and people die. On the other hand, individuals
from other states move to the state of consideration, or vice versa. Second, children acquire one or several
languages mostly within the family context. Third, pupils are educated in a certain language and can learn
additional languages in formal education. Fourth, adult individuals can learn new languages, improve
their skills in a language, or can forget a language they do not use regularly.17 For the moment we neglect
external mobility and take a closer look at language acquisition and learning.

In the literature we find two different but related ways of how these three modes of language acquisition
are conceptualized. One could call them an ‘economic conception’ and a ‘sociological conception’. We
see the former represented in Church & King (1993), Tamura (2001) or Wickström (2005), while the
latter can be found Fernando et al. (2010).18 What characterizes the former models as “economic” is
that individuals are conceptualized as (rational) actors that evaluate different options according to a cost-
benefit or cost-utility analysis. The three models differ in the actors they consider as well as in their
operationalization of utility. While Church and King consider individuals, which are already equipped
with a certain language repertoire, deciding on whether or not to learn a second language, Tamura and
Wickström consider parents that decide on a language repertoire in which to socialize their children in.
In Fernando et al. (2010) language acquisition within the family, as well as language learning in formal
education, are modeled. For language acquisition at home their focus is not on the parents’ decision, but

16The easiest way to illustrate the aggregation is to use a probabilistic framework. Assume that for a given environment
the probability that a L-monolingual learns language H is given by p. Thus, the probability that she remains monolingual is
(1− p). Then, on average, a fraction p of all B-monoglots learn H , while a fraction (1− p) remains monolingual. A different
but compatible framework is used in Wickström (2005). The author assumes that actors choose the option, which yields the
highest utility for them. Deriving properties of the aggregated level is than ‘just’ a matter of counting individuals that choose
the same option.

17For research on different channels of acquisition of second and third languages see e.g. Gazzola et al. (2016, pp. 6ff),
citing results from a quantitative study presented in Grin (1999).

18“Both sociologists and economists have studied immigrants’ language proficiency [...]. Sociologists have mainly focused
on the impact of immigrants’ exposure to the language and social opportunities for language learning [...]. Economists, on the
other hand, have noted the importance of immigrants’ self-selection and the difficulty of learning a language” Van Tubergen &
Kalmijn (2005a).
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on the child that hears conversations in both languages at home as well as outside the home. Roughly, it is
the amount of exposure to a language that determines whether or not the child will acquire that language
successfully. Since part of the exposure occurs within the family, parents do play a role. But – and this is
the fundamental difference from the “economic” approaches – parents behavior is not modeled explicitly
as conscious utility-maximizing decision making. In the following paragraphs we review research on the
three modes of acquisition to work out the strengths and weaknesses of the two approaches. Thereafter,
we propose a combination of both conceptions.

2.3.1 Language Acquisition in the Family

Although in some European member states up to 1 out of 4 children lives in a single parent household,
the majority of children is raised in families with two parents, see Ruggeri & Bird (2014). For this
reason, we restrict ourselves to language acquisition within families with two parents and explicitly
model family formation. As in Wickström (2005) and Fernando et al. (2010) we do not differentiate
between the language repertoire of the mother and the one of the father and hence get six possible
family types F (F = HH,HB,LL,LB,BB,HL). Family formation is assumed to be the result of a
random search and mating process: adult individuals meet randomly, some form couples and some have
children. While Wickström (2005) assumes a low success probability for HL couples, i.e. couples of a
monolingual speaker of H and a monolingual speaker of L, Fernando et al. (2010) neglect this unlikely
family type, i.e. assume success probability 0. This shall reflect the (rather realistic) assumption the
existence of couples where both partners are not able to communicate with each other is rather unlikely
(if one of the partners acquires the other language, then the couple is not HL anymore). Here, we follow
Fernando et al. (2010). For the mathematical details on how family formation is modeled see Section 3.

Following family formation we need to model intergenerational language transmission or language ac-
quisition within the family. In Tamura (2001) parents can use their spare time to teach their children
a second language or to do something else. Both using spare time for something else and acquiring a
better economic perspective for their children (due to bilingualism) yield utility for the parents. Recall,
in Wickström (2005) parents also choose the language repertoire LR for their children, which yields the
highest individual utility. For Wickström it is not the free time parents are weighting against their chil-
dren’s economic future. Instead, they want to pass cultural values attached to their heritage language(s)
to the next generation. If the language that promises economic opportunities and the heritage language
are not identical, then there is a similar trade-off as the one between consumption (of free time) and
production (of bilingual children) analyzed in Tamura (2001). In Wickström (2005), the more people
who speak the language and the higher the status of that language, the higher is the individual utility one
gains from that language. Counting the number of all F -type families choosing language repertoire LR
yields qLR(F ), the fraction of F -type families bringing up their children in language repertoire LR.19 In
Fernando et al. (2010) a similar expression is used, but there it is interpreted as the probability that a child
growing up in a F -type family develops language repertoire LR. This probability depends on the expo-
sure to LR; for LR = B it depends on the exposure to H and L. This exposure has two components:
family and community. The exposure within the family context depends on the family type. In Fernando
et al. (2010) it is assumed that inHH families onlyH is spoken and in LL families only L. Furthermore,
they make the simplifying assumption that in HB families language H is spoken five-sixths of the time
and respectively that L is used five-sixths of the time in LB families. In BB families both languages are
spoken half of the time. In addition to the family context, children are exposed to conversations heard in
public. This public exposure depends on the linguistic composition of the community (i.e. population)
as well as the prominence of the language in mass media.

19In Wickström (2005) this fraction is denoted by αLR(F ). Since αLR is a different model parameter in Fernando et al.
(2010), we use the notation qLR(F ).
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Since parents language decisions and the child’s exposure are connected to one another, both approaches
share some common features. If parents decide that their children shall acquire a certain language,
they might use that language in communication with the child on a regular basis and hence provide a
certain amount of exposure. Later we argue that a child’s exposure within the family context is partially
determined by parent’s decisions. In both approaches qLR(F ) depends on the family type F and on the
linguistic composition of the population. Additionally, in Wickström (2005) the function qLR, LR =
H,L, increases with the status of H , while the model in Fernando et al. (2010) does not contain an
explicit status variable. Instead, a parameter called “susceptibility” is introduced. The susceptibility
towards L is defined as the “responsiveness of a child born to HH or HB families to speak L as a
function of conversation heard” (p. 56) or as “effectiveness of hearing language [B] in motivating its
learning” (60). This parameter is not to be understood as an individual trait of the child. Among other
things, it represents “the “status” of [B], where status is used to mean the entire constellation of societal
factors that motivate the learning of a given language” (p. 60, emphasis in original). In short, the
effect of the amount of conversation heard by a child in a certain language on her language repertoire
depends on a status related parameter.20 Hence, the main difference between both approaches is how the
dependences of qLR(F ) on the family type, the linguistic composition of the population and the status
are conceptualized and modeled. We now review some empirical research on language acquisition and
language transmission to identify the main factors that affect the probabilities qLR(F ). On that basis
we argue that Wickström underestimates the impact of the community and media on children’s language
acquisition. At the same time, this review emphasizes the active role of the parents and how economic
and institutional factors affect the families language behavior.

The language(s) used within the family context is one key factor in shaping a child’s linguistic reper-
toire. “Since most children do not begin schooling until ages 5 or 6 [...], the child’s near total exposure
to only the home language (or languages) takes place during the most important linguistically formative
years of one’s life” (Caldas, 2012, p. 351). A child’s exposure at home comprises conversations be-
tween the parents, conversations between parents and siblings as well as communication with the child
itself. Which language(s) are used at home first of all depends on the language repertoires of all the
family members. If the entire family consists of l-monolinguals, l = H,L, then - at least with respect
to conversations heard in the family - the child is only exposed to language l. In cases where more than
one language is available (HB, LB and BB families) parents have to make certain decisions on which
languages to use with their children. In the literature this is referred to as ‘private language planning’
(Piller, 2001) or ‘language management’ (Spolsky, 2004). So can language acquisition of children out-
side of formal education be thought of as the result of a utility maximizing decision of the parents, as
suggested in Wickström (2005)? Empirical studies show that the answer is ‘yes and no’. In the following
we concentrate on research on language transmission in first or second generation migrant families and
interlinguistic families.

A child is exposed to conversations between other family members, especially between both parents. The
language or mix of languages used by the parent-couple might be established before the child was born.
For example, Piller (2002) found that everyday language choices may originate from the couples first
interactions. If both partners do not share the same L1 (say his L1 is German and her L1 is English), they
might choose the language that better enables communication (they choose English since his English
is better than her German). This first language choice then might become a habit. Hence, part of the
amount of conversation a child is exposed to can not be seen as the result of private language planning
towards the child.

20In contrast to the classical status parameter, the parameter use in Fernando et al. (2010) can be obtained from empirical
data, at least in theory. To assign values to the parameter one needs data on the probability that growing up in an HH or an
HB family becomes a speaker of l in various environments with different l frequencies. Such data are not easy to acquire. In
particular, measuring the amount of exposure to a language requires a lot of effort. This is one reason why we later argue for a
status parameter that can be obtained from current quantitative surveys.
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Various studies on bilingual and migrant families show that many parents in fact make conscious lan-
guage decisions with respect to their children. For example, confronted with a dominant language that
differs from their heritage language, many migrants want to pass their language (and culture) on to the
next generation.21 Other parents (additionally) support the acquisition of the locally dominant language
to guarantee better social and economic opportunities for their children.22 This suggests, that if one
or both parents are speakers of a low status minority language, the language choice can be seen as “a
trade-off between the efficiency aspect of language as a means of communication, on the one hand, and
its importance as a carrier of identity, on the other hand” or as a “trade-off between internal, emotional
motives,23 on the one hand, and external, objective criteria, on the other hand” (Wickström, 2005, pp.
83 and 85). Obviously, for monolingual speakers of the dominant language there is no actual trade-off.
Furthermore, some families in which at least one of the parents is bilingual explicitly want to raise their
children bilingually as they “see bilingual education as an investment into their children’s future” (Piller,
2001, p. 77). In particular, if the minority language has a relatively high economic status (as British or
American English), then parents not only transmit the minority language due to ‘emotional motives’ but
also due to ‘objective criteria’. Hence, to model language transmission one has to take the specific social
and economic situation as well as identity aspects into account.

From the few examples provided above we can see that many parents make language decisions for their
children, which supports the ‘economic’ approach. But, and this is one flaw of this approach (at least in
the version proposed by Wickström), the above studies also show that the parents decisions do not always
result in actual language transmission, i.e. private language planning is by no means always successful.
The (partial) failure of private language planning can have a number of reasons. The transmission of a
minority language can only be successful if the initial decision translates into everyday practices over a
long period of time. “Though some families may explicitly devise an initial bilingual strategy, family
language policies are rarely rigid. Rather, they are likely to evolve with the changing dynamics of
family life, are adjusted to account for their perceived effectiveness, or are ‘negotiated’ between family
members” (Caldas, 2012, p. 354). It is not sufficient to use the minority language in the first couple of
years for the child to acquire the minority language successfully.24 Continuous exposure to the minority
language within the family might not even be enough. Investigating families with at least one non-
Dutch native De Houwer (2007) found that in around 25% of all families where either one parent only
used the minority language while the other one used Dutch (one parent one language) or both parents
used the minority language and Dutch the children did not speak the minority language. One major
threat to successful minority language transmission is an external social environment that is dominated
by the majority language. Starting with nursery, play-groups, kindergarten and preschool activities, the
child potentially gets more and more in contact with other children and adults speaking the dominant
language. “Particularly during adolescence, if a child’s peer group does not speak the minority language
being spoken in the home, then it is very likely that the child will not speak the home language either”

21“When I asked multilingual parents if they would want to pass down their native language to their children, most said that
they would” (Tuominen, 1999, p. 59). Tuominen interviewed 18 multilingual families in the US.
“[P]arents in both countries were concerned about their children’s potential loss of the mastery of the Russian language and,
thus, applied different learning strategies to preserve their children’s native language skills”(Elias & Lemish, 2011, p. 11). Elias
and Lemish interviewed families who migrated from Russia, 30 in Israel and 30 in Russia.

22“As evident, it is the educational and material advantages acquired through English that elevates one’s status, escaping caste
stigma. Therefore, parents encourage the learning of English among their children” (Canagarajah, 2008, p. 160f). Canagarajah
investigated Sri Lankan Tamil migrant families in the US, in Canada and in Great Britain.
“Parents may believe that there are economic, employment or educational advantages of speaking a majority language to their
children and not the minority language” (Baker, 2011, p. 52).

23The wish to transmit cultural values and identity is one possible ‘emotional motive’. Being able to communicate with one’s
child in the language one is most comfortable in would be another one, cf. Okita (2002, Chapter 4).

24“Children who migrated with their parents when they were five or six years old told me that they had stopped speaking Tamil
within a few years of migrating. They had lost their Tamil proficiency when I interviewed them as teenagers” (Canagarajah,
2008, p. 149f).
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(Caldas, 2012, p. 356). By the same token, older siblings and media consumption might negatively affect
the child, see e.g. Schwartz (2008). Subsequently, at some age children start making their own choices on
which languages they want to use and begin to play an important role in the ‘negotiations between family
members’. Thereby, children themselves have a strong impact on the language practices in the family
and might counteract their parents efforts.25 As a result, some parents give up while others intensify
their efforts. Therefore, successful minority language transmission in an environment dominated by
the majority language requires continuous efforts and resources;26 language transmission is much more
than just a single decision, it is something parents have to do.27 Whether or not a family continuously
invests time and other resources in language maintenance (partially) depends on its economic and social
standing, as pointed out by Tuominen (1999): “It may be that the costs of language maintenance are
too high for most multilingual parents, especially if they are struggling financially or lack education”
(p. 63). Those with educational and financial resources have a better access to literature on multilingual
child rearing, to reading materials and - if available - multilingual nurseries, kindergartens and schools.
As a result, such parents have better opportunities to “choose their children’s external environments
carefully”, which makes “successful bilingual family language policy” more likely (Caldas, 2012, p.
356). The cost of language transmission are weighted against the benefits, which are related to cultural
identity, communication needs and deliberations on the child’s future, as outlined above. And not only
parents face costs and benefits: Studying the minority language means for the children “not only doing
what parents asked them to do, but losing time to do other things” (Okita, 2002, p. 126).

Summarizing we can state that successful language transmission depends on family characteristics (fam-
ily type, socio-economic status and attitudes towards language) and on the linguistic environment of
the family. The latter includes the strength of the language community, the presence of the minority
language in the public and in the media, (the perception of) socio-economic opportunities related to dif-
ferent languages and institutionalized support for the minority language (availability and accessibility
of bilingual nurseries, kindergartens, schools and language courses). Since a child’s peer group affects
its attitudes towards and exposure to the minority language, linguistic concentration (often connected to
ethnic concentration) in neighborhoods and (pre-)schools also has an impact on the success probabilities.

2.3.2 Language Learning in Formal Education

“One truth is certain: formal schooling introduces perhaps the most important outside influence (for
better or worse) on a family’s strategy to rear multi-literate/multilingual children [...]” (Caldas, 2012, p.
357). With respect to formal education parents and their children have to make certain choices. First,
parents can send their children to a monolingual school in the majority language, a monolingual school
in the minority language or to a bilingual school. Clearly, there is only a choice if all these school
types are available, which is often not the case.28 Choosing a school type affects the child’s language
repertoire in different ways. Sending children to a school where the minority language is used yields a
higher amount of exposure to the minority language compared with a monolingual school in the majority

25“Not surprisingly, many parents told me that rather than their language practices influencing their children, their children’s
language choice shaped the everyday language use of everyone at home” (Canagarajah, 2008, p. 164). Similar observations
can be found in Tuominen (1999) or Schwartz (2008).

26We assume that children growing up in a society with a dominant majority language acquire this language at some point in
their life. “Children growing up with two languages invariably learn to speak the majority language. The minority language is
the one that is at risk of not being spoken” (De Houwer, 2007, p. 419).

27That is why the concept of family language policies includes planning, ideology and practice, cf. see King et al. (2008).
28Whether or not parents can truly choose a language type largely depends on educational policies. “Sadly, a good bilingual

school is only an option for richer families prepared to pay for education. Some countries, such as Switzerland, Belgium,
Luxembourg and the Nordic countries of Norway, Sweden and Finland are positive towards bilingualism and make an effort to
include such policies within the state system” (Barron-Hauwaert, 2004, p. 48).
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language. Additionally, such a school choice has an impact on the child’s peer group. In comparison to
a monolingual school in the majority language, there it is more likely that the child can use the minority
language to communicate with her peers.

If children are enrolled in a mostly H-monolingual school, maintaining the minority language becomes
a difficult task. Over the years children are learning abstract ideas and concepts and their vocabulary
in the majority language grows. At some point, they can express themselves better in the majority lan-
guage, since the daily conversations at home might not be able to compete with this enlarged vocabulary,
see Okita (2002, p. 125). This weakens the minority language. To some extend this deficit can be
counterbalanced by parental efforts. Practicing reading and writing at home or sending their children to
supplementary language classes improves the child’s abilities in the minority language. Again, this re-
quires time and other resources from the parents as well as from the child, and supplementary language
classes are not necessarily available. Another problem is that with increasing age the child’s auton-
omy grows and more than a few start rebelling against their parents efforts, see, for example, Tuominen
(1999), Okita (2002) or Schwartz (2008).

As before, there might be a trade-off for parents. To transmit the minority language in an environment
dominated by the majority language a L-monolingual might be the best option. At the same time, the
majority language is normally related to better socio-economic opportunities for the children, and it is
more likely to be the language of upward mobility.29 Hence, from an instrumental point of view, an H-
monolingual school might be the best option.30 Bilingual schools have the potential to satisfy both needs,
but often come with extra costs. Here again, highly educated and economically well off families have
more resources to inform themselves about bilingual education. For them it is easier to find appropriate
schools and pay for bilingual education.

Another aspect to be mentioned here is that of (foreign) language classes in school. There might be
the possibility that children from different family types take languages courses as a regular part of their
education. Through such courses it is even possible that H-monolingual children can learn the minor-
ity language. This possibility, i.e. direct teaching of the minority language to schoolchildren that are
monolingual in the dominant language, is considered in Fernando et al. (2010).

2.3.3 Language Learning by Adults

The majority of children growing up in an environment dominated by one (official) language (H) do
acquire this language. This is different for adults moving to such an environment (temporarily or perma-
nently) at a certain age but with little or no proficiency inH . Even if they stay for many years, they might
never ‘fully’ acquire the local language. For language transmission we are interested in what affects the
successful transmission of the minority language (L). Now, for adult language learning, we want to
know what affects the successful acquisition of the dominant majority language. As before, the liter-
ature provides sociological and economic approaches: “Both sociologists and economists have studied
immigrants’ language proficiency [...]. Sociologists have mainly focused on the impact of immigrants’
exposure to the language and social opportunities for language learning [...]. Economists, on the other
hand, have noted the importance of immigrants’ self-selection and the difficulty of learning a language”
(Van Tubergen & Kalmijn, 2005b, pp. 1414f). Chiswick & Miller (2002) developed a useful model in
which proficiency in H is a function of exposure to the language, efficiency in learning the language and
economic incentives (three E’s). The model is based on a human capital approach. Esser (2006) provides

29“Because of this understandable instrumental motivation, parents wanted their children to learn the languages that were
economically more advantageous for them” (Canagarajah, 2008, p. 165).

30“For all practical purposes, though, it seems realistic to expect that most parents will enroll their children in the local
monolingual majority language school” (Caldas, 2012, p. 359).
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a similar model. Also building on a human capital approach, he identifies four important components
for the acquisition of H by L-speaking newcomers: motivation for learning the language (including eco-
nomic incentives), access to the language (including communication opportunities, which are related to
exposure, and language classes), efficiency and costs for language learning. We will shortly outline both
models as well as the results of the quantitative analysis presented in both papers.31

Language skills can be seen as human capital. They “satisfy the three requirements for human capital
in that they are productive, costly to produce, and embodied in the person” (Chiswick & Miller, 2014,
p. 5). Additionally, the ‘value’ of this human capital depends on the linguistic environment. With
proficiency in H in an H-dominated environment one can find better jobs and be more productive in the
job. Furthermore, proficiency enables more efficient consumption and communication with locals and
local authorities/administration. This yields certain incentives to learn H . At the same time, language
learning is costly, it requires the investment of time and other resources.

Exposure to the local language facilitates its learning in two ways. First, being exposed to and addressed
in H on a regular basis yields an additional incentive to learn H , compared with a situation in which a
newcomer can use L in her everyday live. Living in an area with many other speakers of L reduces the
communication costs for L-monolinguals. If there is a local economy offering jobs in L, the incentives
to learnH are even lower. Hence, the linguistic concentration (of L-speakers) is found to have a negative
effect on H-proficiency,32 cf. Chiswick & Miller (2002) and Esser (2006). Secondly, the more one is
exposed to a language, the more opportunities there are to use that language and hence the more practice
one can get. Besides linguistic concentration, time since migration is identified as another important
factor for exposure to H . As indicated above, children can have a positive impact on H-proficiency,
since they might use H at home. Conversely, children can function as translators and hence reduce
incentives for parents to learn H , see (Chiswick & Miller, 2014, pp. 35f). Concerning the motivation
(incentives) to learnH it was found that those newcomers who plan to stay for a long time are more likely
to acquire H . Efficiency variables are age at time of migration (with increasing age language learning
decreases) and education.

2.4 Linguistic Environment and Status Variable(s)

Based on the deliberations on the individual level we now want to move on to the societal level. The aim
of this section is to propose a number of relevant variables that characterize the linguistic environment
and the language repertoire groups.33 We specify how these quantifiable variables affect the processes
of language transmission and learning at the macro level. This shall yield the foundation for our mathe-
matical language competition model.

Throughout the rest of the paper we use the following notation.

• Language l, l = H,L

• Language repertoire LR, LR = H,L,B

• Language repertoire group LRG, LRG = H,L,B

31We can not go into great detail here. For extensive overviews on the connections between language and economics see, for
example, Grin (2003) and Zhang & Grenier (2013).

32Note that there might be reversed causality: migrants with little proficiency in H choose to move to linguistic enclaves
because of their low proficiency, see Danzer & Yaman (2010).

33“An economic model is always made up of two categories of ingredients, namely, variables and relationships between
them; and at least some of these relationships should be causal ones” (Grin, 2003, p. 10).
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Recall, by X = (XH , XL) we denote the linguistic composition of the population. The fraction of
bilingual individuals XB is given by 1−XH −XL. The linguistic composition X evolves due to family
formation, language transmission within the family, language education and adult language learning. For
the mathematical model this translates into four quantities determining the dynamics of X:

• ψF : fraction of F -type families,

• qLR(F ): fraction of F -type families bringing up their children with language repertoire LR,

• sLR1,LR2 fraction of children entering school with language repertoire LR1 and leaving school
with language repertoire LR2,

• aLR1,LR2 rate at which adults with language repertoire LR1 become adults with repertoire LR2.

Note, qLR, sLR1,LR2 and aLR1,LR2 can also be interpreted as probabilities: qLR(F ) can be seen as the
probability that a child growing up in an F -type family develops language repertoire LR. These quanti-
ties are not just fixed numbers but depend on the linguistic composition and various aspects of the linguis-
tic environment. Let param be a list of model parameters characterizing these aspects of the environ-
ment. Then, ψF = ψF (X, param), qLR(F ) = qLR(F ;X, param), sLR1,LR2 = sLR1,LR2(X, param)
and aLR1,LR2 = aLR1,LR2(X, param). Before proposing a manageable list of model parameters we
want to emphasize again that no mathematical model can account for the whole complexity of the social
reality. A “model is nothing but a form of discourse about reality”, and the rational of this discourse is
to “constitute a useful instrument helping us to reflect upon and understand reality” (Grin, 2003, p. 10).
If designed properly “(algebraic) models can be uniquely powerful and transparent tools in the study of
selected relationships between selected sets of variables” (ebd).

As outlined earlier, family formation is modeled as a random search and mating process. On the one
hand, the result of this process clearly depends on the linguistic composition of the population. If there
are only a few L-monolingual adults, then the possible number of L-monolingual families (LL) is neces-
sarily limited. On the other hand, who actually meets whom is not just a question of the overall numbers.
Spatial concentration or even segregation of the minority language group might favor monolingual cou-
ples compared with inter-linguistic ones. Furthermore, linguistic concentration affects the amount of
exposure to both languages and hence intergenerational language transmission, see above. Therefore
we introduce a variable C ∈ [0, 1], a measure for the concentration of speakers of language L, i.e. L-
monolinguals as well as bilinguals. Treating bilinguals rather as speakers of L than as speakers of H is
justified by the assumption that most L-monolinguals respectively their descendants acquire the domi-
nant language H , while only a small number of H-monolinguals learn the minority language L. Thus,
the vast majority of bilinguals is assumed to have L antecedents and hence some feeling of belongingness
to the L-community. Furthermore, such a conception of bilinguals reflects the frequently encountered
connection between language and ethnicity. Note, for minority languages learned by a large number of
H-monolinguals, such as English, the model has to be adjusted. For C = 0 the language repertoire
groups are distributed equally throughout the territory of consideration (no concentration). If C = 1,
then we are dealing with a spatially segregated population (maximal concentration). As explained in
Appendix A.1, a variable or index for linguistic concentration can be obtained in different ways from
quantitative data. In the literature there is an ongoing discussion about the (dis)advantages of certain
well-known indices, see A.1.

Next, we want to turn to the status related and institutional variable(s). We have seen that in a number of
language competition models a single status or prestige variable is used, while it is not explained what it
shall actually mean for a language to have status value say 0.3 or 1.3; the values of these status variables
are arbitrary. To get a more meaningful status variable that can be obtained from quantitative data, we first
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identify different dimensions of the status of a language. For this purpose, the systematic framework first
developed in Giles et al. (1977) is very helpful. There, the authors suggest three categories of factors that
are involved in language vitality: demographic factors, status factors and institutional support factors.
Demographic factors are related to the number of speakers as well as their spatial distribution. The main
status factors are economic, social and symbolic status. The economic status displays the economic
standing of the language groups, the social status is related to prestige, social standing and (political)
power and the symbolic status is related to identity and culture, cf. Baker (2011, pp. 55f). Institutional
support comprises government (services) on different levels, mass media, business and education. For
the present model, we build on this framework and propose two specific variables that describe part of
the linguistic environment and reflect status and institutional support factors.

First, the socio-economic position of a language repertoire group is measured by the average socio-
economic status (SES) of all individuals belonging to that group. The SES is a widely used variable
in econometric and sociological analyses and can be measured in different ways. The main dimensions
of the SES are income, education and occupation, see, for example, Bernard (2012, Chapter 11). Let
SSE(LR) ∈ [0, 1] denote the average normalized SES of language repertoire group LR. As in Templin
et al. (2016) we are interested in the socio-economic advantage individuals gain from speaking a certain
language. Hence, instead of just asking how high the status of a certain language is, we ask how high is
the status of one language is compared with the other one. Therefore, we define the relative the socio-
economic status SSE . Let LR ∈ {H,L,B}. The relative socio-economic status of language repertoire
group LR is defined by

SSE(LR) :=
SSE(LR)

SSE(H) + SSE(L) + SSE(B)
.

Note, SSE(L) reflects the socio-economic status of L-monolinguals, while 1 − SSE(L) is the socio-
economic status of individuals speaking H .

Second, we consider the institutional or official status of a language. This status variable is determined
by official domains the language can be used for. The official status is oriented towards Fishman’s
GIDS.34 The official status clearly belongs to institutional support factors in the Giles et al. framework.
Above that, the official status might reflect the prestige of a language to some extent and, at the same
time, affect the prestige of the language. For example, providing governmental services in a minority
language can improve its perceived status. This illustrates, how the different categories of variables are
strongly connected to one another. For the design of a single variable that captures various aspects of the
interaction between individuals with a certain language repertoire and official institutions, we first have
to provide a list of d domains. For each domain we make the simplifying assumption that a language
can either be used or not used. Counting the number of domains a language l, l = H,L, can be used
for and dividing this number by d, the total number of domains, we obtain a status variable SOF (l) with
possible values in {0, 1/d, 2/d, ..., (d−1)/d, 1}. If Sof (l) equals 1, then the language can be used in all d
domains, which might be the case for the dominant local language. Since education and media are treated
separately, we here consider three domains: government at national level, government at provincial level
and public administration. This yields an official status variable SOF (l), l = H,L, with possible values
in {0, 1/3, 2/3, 1}. Since H is the locally dominant and official/national language we assume SOF (H)
to be one, i.e. H can be used in all domains. As for the socio-economic status, we introduce the relative
official status SOf (l) := SOF (l)/(SOF (H) + SOF (L)) = SOF (l)/(1 + SOF (L)).

Although the socio-economic status and the official status of the minority language are clearly related
to objective criteria, cf. Section 2.3.1, both status variables are also connected to the prestige of that
language, see above. So are these two status variables sufficient to account fully for the symbolic status
of the minority language, and the emotional motives that play an important role in its intergenerational

34Graded intergenerational disruption scale, see Fishman (1991).
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transmission? Probably not. We have seen that the majority of migrant parents want to pass their first
language on to their children despite its economic and official status, since this is the language they are
most comfortable in and that is associated with their (cultural) heritage and (group) identity. But how
to quantify and measure this cultural dimension? The major problem lies in the difficulty, if not even
impossibility, of proposing a single number that adequately describes the average attachment to, or value
of, the heritage language for its speakers. “The components of non-market value [of a language] are
very difficult to identify theoretically, and no less difficult to measure empirically [...]” (Grin, 2003,
p. 38). One theoretically possible strategy to assess the average – for individuals or families of certain
types – non-market value is to ask directly a representative sample of individuals or individual families
in surveys.35 Another strategy is to use somewhat easier measurable factors that are linked to the non-
market value/symbolic status of the minority language. One such factor could be community support
for the minority language. We have seen in Section 2.3 that support from the language community,
i.e. through language classes, is one factor for the success of parents’ endeavors to transmit a minority
language to the next generation. Furthermore, community support can be thought of as a proxy for the
importance of maintaining and transmitting the language within the language community. To include
(the strength of) community support as a single variable in a formal modeling framework, a simple
but sound operationalization is needed. For any operationalization it has to be taken into consideration
that community support might depend on available socio-economic resources within the community or
support by external language planning programs. Another possible factor is the presence of the minority
language in mass media. “Mass media have considerable influence on language prestige and choice, often
bringing the dominant language into the home for the first time” (Sallabank, 2012, pp. 117f). Besides
the positive effect on its prestige, the presence of L in the (local) mass media increases its usefulness and
comes with a certain amount of potentially high status exposure to the language. These are some of the
ways in which minority language media can help parents with their language transmission efforts, see,
for example, Elias & Lemish (2011), and more generally, Cormack (2007). As for community support, to
use media presence as a variable in a mathematical model, it has to be quantified, which is quite difficult
again. First of all, different types of media are used: print media, radio, television and – to a growing
extent – the Internet. Moreover, most migrants not only consume local media (host-country), but also
media from the home-country or international media, while thanks to the Internet access to both is easier
and cheaper as ever before. Further, the effect of minority language media on language maintenance and
transmission is not at all clear, cf. Cormack (2007).

For the reasons outlined in the last paragraph, we restrict ourselves to the socio-economic status and
the official/institutional status for the current model. We leave it to future research to extend the current
model with further variables that display more dimensions of the status of the minority language to get a
more complex model, which is closer to the complex reality of the processes at hand.

The last feature of the linguistic environment included in the language dynamics model proposed here
is language education policy. Restricting ourselves to two languages, the language policy determines to
what extent the languages H and L can be used and learned in the education system.36 One of the most
important decisions to be made concerns the language(s) of instruction. Roughly, for the three levels
of education (primary, secondary and tertiary) schools could use only H , only L or both languages as
medium of instruction.37 In many cases, the default language of instruction is the (locally) dominant,

35Parents could, for example, be asked how much they are willing to pay to successfully transmit their heritage language to
the next generation. For the economic willingness to pay approach for languages see Grin (2003, pp. 40f). Alternatively, one
could try to assess parents language ideologies and beliefs in the different communities, see King et al. (2008), to construct a
single variable that reflects the importance of language transmission.

36It is out of the scope of this paper to delineate the complex and ongoing discussions on language planning in education,
mother tongue education, bilingual education and second/foreign language education. For an overview on various perspectives
on and approaches to language policy and education see, for example, Hornberger & May (2010) and Baker (2011).

37For a more detailed typology (10 types) see Baker (2011, Chapter 10).
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official or national language H . Additionally, schools can offer L as a second/foreign language for H-
monolingual pupils or special classes for L-monolingual pupils to learn H (H as a second language).
The type of program a student is enrolled in affects her abilities in both languages, see above. To consider
a specific language education policy within the model framework, one has to specify the effects of the
policy on the fractions sLR1,LR2 , LR1, LR2 = H,L,B. Hence, to model a specific policy reliable esti-
mates on the (linguistic) effects on pupils with different linguistic repertoires are needed. Furthermore,
if the education policy comprises different programs (e.g. H-monolingual programs as well as bilingual
programs) information on the fraction of students enrolled in these programs is needed. For this paper
we do not model specific educational language policies. Instead, we work directly with the fractions
sLR1,LR2 . Hence, we are only able to investigate the long-term effects of changes in these fractions. To
analyze the effects of certain policies on the long-term development of the linguistic composition, one
has to make assumption on what fractions correspond to the policy.

Let us summarize the main components of our language competition model. In Giles et al. (1977)
the authors propose three categories of factors that influence language vitality: demographic factors,
institutional support and status factors. The linguistic composition of the population X and the linguistic
concentration measure C are the demographic factors considered in the present model. Furthermore, the
linguistic environment is characterized by two normalized status parameters: the socio-economic status
SSE and the official status SOF . The language education is no explicit model parameter but reflected by
the fractions sLR1,LR2 . The status and education parameters reflect some important institutional support
and status factors in the Giles et al. (1977) framework.

Next, we propose simplifying assumptions on how the linguistic composition as well as the environment
parameters affect the four quantities ψF , qLR sLR1,LR2 and pLR1,LR2 driving the language dynamics.

Family formation: The expected number of families of a certain type F depends on the linguistic
composition of the population X as well as on linguistic concentration C. Hence, ψ(F,X, param) =
ψ(F,X,C). The higher the linguistic concentration, the lower the expected number of mixed families.
The exact formulas for ψ(F ) are provided in Section 3.

Language transmission: Recall, qLR(F ) denotes the fraction of families of type F bringing up chil-
dren with language repertoire LR. Before stating hypotheses on how these quantities depend on our
parameters describing the linguistic environment, we make some simplifying assumptions:

A1: All children in one family have same language repertoire

A2: Both parents shall be able to communicate with their children, i.e. qL(HH) ≡ qL(HB) ≡ 0 and
qH(LL) ≡ qH(LB) ≡ 0

A3: The more present a language l is in a certain family type, the more likely it is that children become
monolinguals in l:

A3a: qH(HH, param;X) ≥ qH(HB, param;X) ≥ qH(BB, param;X)

A3b: qL(LL, param;X) ≥ qL(LB, param;X) ≥ qL(BB, param;X)

A4: The higher the number of l-monoglots, the higher the incentive to transmit l to ones children:38

A4a: If XH increases, then qH and qB do not decrease and qL does not increase

A4b: If XL increases, then qL and qB do not decrease and qH does not increase

A5: In an HH family children grow up as monolingual H speakers, i.e. qH(HH) ≡ 1

38For a derivation of the following assumption from a utility maximization approach see Wickström (2005).
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Furthermore, we assume that the qLR(F, param;X) are continuous and almost everywhere differen-
tiable functions with respect to X . Most of these assumption can already been found in Wickström
(2005) and Templin et al. (2016). Let us proceed with the effect linguistic environment parameters have
on the q-fractions.

The status parameters SSE(L) and SOF (L) reflect the relative disadvantage of L-monolinguals. The
lower both parameters, the higher the disadvantage in socio-economic and institutional terms, and, in
turn, the lower the utility from speaking the minority language. Consequently, the lower both parameters,
the lower the incentive – from an instrumental point of view – to transmit L to the next generation. In
Section 2.3.1 a second effect by which the socio-economic status affects language transmission was
outlined. Successful language transmission requires financial and educational resources. Parents with
high socio-economic status that want to transmit the minority language have better chances than parents
with low SES, everything else being equal. A third effect of SSE(L) and SOF (L) on the transmission of
L mentioned earlier has to do with the prestige of L. The higher the average socio-economic status and
the more official domains the language can be used for, the higher might be it’s symbolic status. Note
that all three effects push in the same direction. Therefore, we assume that the higher any of the two
status variables, the lower probability that HB or BB families only transmit H . This assumption can be
expressed by:

∂qH(HB)

∂SSE(L)
,
∂qH(BB)

∂SSE(L)
,
∂qH(HB)

∂SOF (L)

∂qH(BB)

∂SOF (L)
≤ 0. (1)

Similar arguments can be put forward for LL and LB families. The lower SSE(L) and SOF (L), the
higher the incentive to transmit or teach (e.g. in kindergarten or preschool) the majority language to
children. Therefore,

∂qL(LL)

∂SSE(L)

∂qL(LB)

∂SSE(L)
,
∂qL(LL)

∂SOF (L)
,
∂qL(LB)

∂SOF (L)
≥ 0. (2)

In (1)-(2) one can see that both status parameters corresponding to the minority language, i.e. SSE(L),
SOF (L), affect fractions ql(F ) in the same direction. To simplify the formulas in the upcoming section
we therefore introduce a status indicator composed of the two status parameters. Let αSE and αOF be
weights, i.e. αSE , αOF ∈ [0, 1] and αSE+αOF = 1. Given such weights we define the composed status
indicators

S(L) := αSE · SSE(L) + αOF · SOF (L), (3)

S(H) := αSE · SSE(H) + αOF · SOF (H). (4)

Since both single status parameters are normalized, the composed status indicators have values between
0 and 1 as well. Furthermore, we have SSE(H) = 1 − SSE(L), SOF (H) = 1 − SOF (L). Therefore,
we get S(L) = 1− S(H). The composed indicator S(L) reflects the relative linguistic disadvantage of
L-monolinguals in terms of socio-economic standing, public institutions, politics, media and community
support. With the composed status indicator and the linguistic concentration measure C, we end up with
two main parameters characterizing the linguistic environment, i.e. param = {S(L), C}.

Note, that due to assumptions A2 and A3a we have qB(HB) = 1 − qH(HB), qB(LL) = 1 − qL(LL)
and qB(LB) = 1− qL(LB). Plugging this into (1) and (2) yields the respective statements for qB(HB),
qB(LL) and qB(LB). Furthermore, qL(BB) + qB(BB) = 1− qH(BB). Hence,

∂qB(BB)

∂S(L)
+
∂qL(BB)

∂S(L)
≥ 0. (5)
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F S(L) C

qH(F, S(L), C;X)
HB -

BB - -

qL(F, S(L), C;X)

LL + +

LB + +

BB

Table 1: Relation between language transmission and different environment parameters. “+” indicates
a positive effect of the environment parameter, “-” indicates a negative effect and “ ” indicates no or
unclear effect. Note, qB(F, param;X) = 1− qH(F, param;X)− qL(F, S(L), C;X).

Linguistic concentration affects the exposure to both languages. Strong linguistic concentration keeps
the expose to H low for L-speaking children and vice versa. Since bilinguals are considered rather
as L’s than as H’s, we assume that given high concentration LB and BB families predominantly live
in L dominated neighborhoods. HB families are assumed to be found in L-dominated as well as H-
dominated neighborhoods. Therefore,

∂qL(LL)

∂C
,
∂qL(LB)

∂C
≥ 0 (6)

∂qH(BB)

∂C
≤ 0. (7)

Due to the last statement we also get

∂qB(BB)

∂C
+
∂qL(BB)

∂C
≥ 0. (8)

The statements (1)-(7) are displayed in a more accessible fashion in Table 1.

Language education: We assume that neither H-monolingual nor bilingual children will unlearn H
through formal education, i.e. sH,L = sB,L = 0. Hence, sH,H = 1 − sH,B and sB,B = 1 − sB,H .
Note, if sH,B > 0, then some former H-monolingual children learn L at school. This is only possible
if L is taught as a second language. If sB,H > 0, then some children entering school as bilinguals
leave the school system as H-monolinguals, which might be the case if a H-only language policy is
applied. In principle we could include the option that L-monolingual children can get educated fully
in L, which translates to sL,L > 0. In practice, since H is a dominant majority language, all children
learn H at some point in their educational career. Therefore, we set sL,L = 0. Hence, sL,B = 1 −
sL,H . Finally, it is reasonable to assume that bilingual children are more likely to leave school as H-
monolinguals than children entering school asL-monolinguals, i.e. sB,H > sL,H . Note that the sLR1,LR2

are conceptualized as constant model parameters. They do not depend on the distribution of speakers but
reflect language education policies and the quality of language education.

Adult language learning: We have seen above that the acquisition of the local language H by adult
newcomers is a question of exposure, efficiency, (economic) incentives and costs. The same approach
can be applied to H-monoglots learning the minority language L. The quantities describing adult lan-
guage learning in the model are aL,B (L-monoglots become bilingual) and aH,B (H-monoglots become
bilingual). Since linguistic concentration C has a strong effect on exposure to the other language, we
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Figure 1: Illustration of general language dynamics.

assume that both aL,B and aH,B decrease ifC increases. The role of the status variable S is not as easy to
pin down. On the one hand, if the economic and official statuses of the minority language group are low,
then there are strong (economic) incentive for L-monoglots to learn H , since H promises much better
economic opportunities. On the other hand, if the socio-economic status is low, then L-monoglots might
have only few financial and educational resources, a potential hindrance for learning a new language
(efficiency and costs). Appropriate programs encouraging and supporting the acquisition of the local
language (e.g. offering free language classes) might be able to ease the socio-economic disadvantages.
Later on, when specific functional expressions are introduced for aL,B and aH,B , both effects are taken
into account. The support of the local language acquisition is reflected in one parameter of the functional
expressions.

2.5 Population Dynamics

In most of the language competition models reviewed so far the population was considered to be con-
stant in the sense that no new/external individuals enter the population (except the ones born within the
population) and that individuals do not leave the territory. Thus, migration and emigration movements
are neglected.39 Yet, one can observe vast mobility in many parts of this world. According to the United
Nations (2013) there were 232 million international migrants worldwide in 2013, and in the global north
migrants make up 10.8% of the total population. Looking, for example, at the European Union, single
member states face mobility within the Union as well as from and to non-EU states. From the perspective
of an individual EU member state, such mobility flows are external. Since this paper is mainly concerned
with ‘new minorities’, it will focus on the migration of people with a heritage language that is the dom-
inant or national language of the host country. In models with different growth rates for the different
language groups, see below, external mobility can be incorporated into the growth parameters (Malthus
rates), cf. Kandler et al. (2010).

In some models the population is also constant in a second sense. In Wickström (2005) every family
has on average two children,40 in Minett & Wang (2008) every adult has one child and in Fernando

39As noted above there are several models concerned with internal mobility, i.e. mobility within the territory.
40This assumption (Assumption 4.1) is made later in his analysis. In the more general model introduced before, a family of

type F has on average 2β(F ) children, β > 0.
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et al. (2010) the death rate equals the birth rate. As Minett & Wang (2008) state for the original
Abrams/Strogatz model: “The population size [is assumed to be] constant” (p. 21). The same holds
true for John & Yi (2001) or Mira & Paredes (2005). Hence, in these models population dynamics are
neglected. This is different for an other set of models, starting with Baggs & Freedman (1993). There,
the authors include different birth and death rates for the three groups (two monolingual groups and a
bilingual one). An other way to incorporate population dynamics can be seen in Pinasco & Romanelli
(2006). Their model is inspired by the Lotka-Volterra model, which describes the dynamics in a predator-
prey system. A maximal carrying capacity is assumed, i.e. at every point in time only a limited amount
of resources is available. If the population size is below this capacity, the population increases, and de-
creases whenever it is above this capacity. Extensions of this model are proposed in Kandler & Steele
(2008) and Kandler et al. (2010). The authors in Heinsalu et al. (2014) argue that given homogeneous
growth rates for all groups, the population dynamics terms in their differential equation disappear asymp-
totically. Hence, assuming homogeneous growth the population dynamics do not affect the steady states.
Therefore, they neglect population dynamics.

For various reasons, see Sleebos (2003) for example, several developed countries show fertility rates that
are not sufficient to preserve the population in the long-term. For example, in the European Union the
average number of children per women fluctuated around 1.5 in the last decades, while approximately
2.1 children are necessary to reproduce the population, see e.g. Eurostat (2014). To investigate different
scenarios for the future linguistic development in European states as well as in other states facing a
comparable situation, the model here takes external mobility and population dynamics into account.
Instead of assuming some maximal carrying capacity, we work with birth and death rates that could
be obtained e.g. from Eurostat. Such a model could also be used to explain past developments where
mobility and population dynamics played an important role. In contrast to Kandler & Steele (2008) and
Kandler et al. (2010), we do not develop a spatial model. A spatial extension might be one object of
future research.

2.6 Time Scales and Time Frames

In our opinion, time is an underestimated issue of language dynamics models. In Abrams & Strogatz
(2003) the relative number of speakers of the minority language x evolves according to a differential
equation. This equation describes how x changes over time t. Although it is not made explicit, the plots
suggest that time is measured in years. The authors fit their model to data for up to 100 years. For their
extension Minett & Wang (2008) use a similar kind of differential equation but introduce a mortality rate
µ, the rate “at which adults are replaced by children” (p. 25). Since such rates are often yearly rates, it
could be assumed time is also measured in years.41 But again, it is not specified how long one period
of time ((t+ 1)− t) actually is. In their simulations t is not called years but “iterations” and 2000 such
iterations are calculated. It remains unclear, if 2000 iterations means 2000 years or stands for some other
but not specified amount of time.

These two examples shall illustrate some ‘problems’ that can be found in most of the models available
in the literature. First, the time scale is either not specified or not justified. This might not be problem
if models are fitted to data, since in most cases there is some parameter regulating the speed of the
dynamics.42 In the absence of such a parameter Zhang & Gong (2013) solve the problem of fitting their
model to empirical data via optimizing over the time scale, see above. Furthermore, for some authors the
time scale seems irrelevant, since they are only interested in long-term stable equilibria. From this point
of view it does not matter whether such an equilibrium is reached within 50 or 1000 years. But, and this

41As an example Minett & Wang (2008) use µ = 2%, which would support this conjecture.
42In Abrams & Strogatz (2003) Mira & Paredes (2005) and Minett & Wang (2008) this parameter is called B or cL1L2 .
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is one key point of our critique, the latter is only true if parameters are constant over time. The status is
one such parameter. Why should the status of a dying minority language be constant over a century or
even longer? For that reason Templin et al. (2016) developed a model where the status of the minority
language shrinks over time if no revitalization measures are applied to increase the status. Since it is
only asked whether or not the language can be saved and at what costs, the speed of change used in the
examples is also not justified.

For a “mechanistic” model, we would argue, one should have a more precise idea of how fast things
happen and what the time horizons are in which it is plausible that the parameters remain constant.

3 General Model Formulation

In this section we state the formal language dynamics model. As before, XH , XL and XB denote
the fractions of H-monoglots, B-monoglots and bilinguals. Since the population size might not be
constant we also work with absolute numbers. Let NH be the number of H-monoglots, NL be the
number of L-monoglots and NB be the number of bilinguals. The total population size is given by
N := NH + NL + NB . Note that NH = N · XH , NL = N · XL and NB = N · XB . We use both,
relative numbers (XH ) and absolute numbers (NH ), since ψ and q only depend on relative numbers,
while the overall dynamics are described in absolute terms.

The language dynamics models describes in mathematical terms how NH , NL and NB change over time
as a result of family formation, language transmission, language learning in formal education and adult
language learning. Let X := (XH , XL).

Family formation is the result of a random search and mating process affected by linguistic concentration
C. As in Templin et al. (2016) we assume that both adults shall be able to communicate properly with
one another. Hence, we neglect families of type HL. The random family formation process yields the
following distribution of family types ψ:

ψ(HH,C;X) =
(
C + (1− C)XH

)
XH + (1− C)XHXL (9)

ψ(HB,C;X) = 2(1− C)XHXB (10)

ψ(LL,C;X) =

(
1 + C

XH

1−XH

)
X2

L + (1− C)XHXL (11)

ψ(LB,C;X) = 2

(
1 + C

XH

1−XH

)
XLXB (12)

ψ(BB,C;X) =

(
1 + C

XH

1−XH

)
X2

B. (13)

See the Appendix A.2 for a justification of the family type distribution. Note, forC = 0, i.e. no linguistic
concentration, the family type distribution is the same as given in Templin et al. (2016).

The process of language transmission from one generation to the next is determined by the distribution
of family types and the fractions qLR(F ). First of all, for all family types F these fractions have to
add up to one. Given the distribution of language repertoires (X) in one generation and the relevant
environment parameters (the status indicator S(L) and the linguistic concentration C), the fraction of
the next generation equipped with the language repertoire LR is given by∑

F

qLR(F, S(L), C;X) · ψ(F,C;X). (14)
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In the above formula qLR(F, S(L), C;X)·ψ(F,C;X) is the (relative) number of F -type families (ψ(F ))
times the fraction of F -type families raising their children with repertoire LR (qLR(F )). This is the
summed over all family types F .

In the following let t be time measured in years. N(t) is the overall population size at time t. NH(t),
NL(t) and NB(t) denote the sizes of the language repertoire groups. Furthermore, the vector

X(t) = (XH(t), XL(t)) :=

(
NH(t)

N(t)
,
NL(t)

N(t)

)
describes the linguistic composition of the population at time t (relative instead of absolute numbers). By
λ we denote the annual birth rate and by µ the annual death rate. It is assumed that birth and death rates
are the same for all language repertoire groups. The model could easily be adjusted to cases of differing
death and birth rates for the different language repertoire groups and family types (just substitute µ by
µLR and λ by λF in (15)). Neglecting mobility, language education and adult language learning for the
moment, the dynamics of the basic model can be described by the following three differential equations:

ṄLR(t) = −µNLR(t) + λN(t)
∑
F

qLR(F, S(L), C;X(t))ψ(F,C;X(t)), (15)

LR = H,L,B. The first summand represents the number of people with language repertoire LR dying
at time t. The second summand represents all the children raised with language repertoire LR at time
t. The overall population size changes according to Ṅ(t) = (λ − µ)N(t). Note, to fully describe the
dynamic system Ṅ(t), ṄH(t) and ṄL(t) are sufficient, since NC = N −NH −NL.

We now extend the basic model by stepwise including the other three processes affecting the language
dynamics. Before that we introduce the following notation for better readability.

fLR(S(L), C;X) :=
∑
F

qLR(F, S(L), C;X)ψ(F,C;X), LR = H,L,B. (16)

The functions fLR are associated with raising children with language repertoire LR.

Formal education: sLR1,LR2 denotes the fraction of children entering school with language repertoire
LR1 and leaving school with LR2. We exclude the possibility that children enter school as monolin-
guals in one language and leave school as monolinguals in the other language, i.e. sH,L = sL,H = 0.
Furthermore, we assume that bilingual children do not unlearn the majority language during their ed-
ucation, i.e. sB,L = 0. In contrast, we include the option that some bilingual children might switch
to H-monolinguals due to an H-dominated education, i.e. sB,H ≥ 0. Monolingual children of both
language might learn the other language, i.e. sH,B, sL,B ≥ 0. The first extension of the basic model
described by (15) is then given by

ṄH(t) = −µNH(t) + λN(t)
(
(1− sH,B)fH(S(L), C;X(t)) + sB,HfB(S(L), C;X(t))

)
(17)

ṄL(t) = −µNL(t) + λN(t)(1− sL,B)fL(S(L), C;X(t)). (18)

To simplify notation even further we introduce

gH(S(L), C;X) := (1− sH,B)fH(S(L), C;X) + sB,HfB(S(L), C;X), (19)

gL(S(L), C;X) := (1− sL,B)fL(S(L), C;X). (20)

Adult language learning: We only consider acquisition of an additional language, i.e. the transition
from monolingualism to bilingualsm (aH,B and aL,B). Note, in contrast to the constants cH,B and cL,B ,
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the transition parameters aH,B and aL,B depend on C, S(L) and X . Using the notation introduced in
(19)-(20) we add one additional term in (17) and (18). Let LR = H,L. The second extension is given
by

ṄLR(t) = −
[
µ+ (1− µ)aLR,B(S(L), C,X(t))

]
NLR(t) + λN(t)gLR(S(L), C;X(t)). (21)

To shorten notation we write gLR(t) for gLR(S(L), C;X(t)) and aLR,B for aLR,B(S(L), C,X(t)).

Mobility: The absolute number of people equipped with language repertoireLRmigrating to the popula-
tion is denoted byMLR(t). The total number of migrants is given byM(t) :=MH(t)+ML(t)+MB(t).
Note, in principle MLR(t) could be negative, which would indicate net emigration of LR’s. Later we
investigate two special cases. In the general case we get Ṅ(t) = (λ− µ)N(t) +M(t) and hence

ṄLR(t) = −
[
µ+ (1− µ)aLR,B(t)

]
NLR(t) + λN(t)gLR(t) + MLR(t), (22)

LR = H,L.

Additionally, we definemLR(t) =MLR(t)/M(t), the share ofLRmobility. In the following paragrahps
we consider two special cases for migration. In the first case, migration is assumed to be constant over
time, i.e. every year the same absolute number of migrants enter the population (e.g. 100,000 migrants
per year). In the second case, migration is constant relative to the population size. If e.g. the government
allows for an annual migration of 2% of the total population size, then migration is constant relative to
the population size. This implies that the number of migrants increases with an increasing population
size.

Special case 1 (Constant absolute migration flow): Let MLR(t) =MLR be constant. Trivially, if M = 0
and λ = µ the total population size remains constant. Furthermore, if M > 0 and λ < µ, then the
population size N(t) converges to the steady state N(∞) := M/(µ − λ). Let λ < µ and M > 0.
Applying the quotient rule to XLR = NLR/N and setting N = N(∞) we obtain for the steady state
population size

ẊLR(t) = −
[
µ+ (1− µ)aLR,B(t)

]
XLR(t) + λgLR(t) + (µ− λ)mLR. (23)

Special case 2 (Constant relative migration flow): Let M(t)/N(t) =: ν be constant as well as the frac-
tions MLR(t)/N(t) =: νLR. Then, ν = νH + νL + νB , Ṅ(t) = (λ− µ+ ν)N(t) and

ṄLR(t) = −
[
µ+ (1− µ)aLR,B(t)

]
NLR(t) + λN(t)gLR(t) + νLRN(t). (24)

Using the last two equations and applying the quotient rule to XLR = NLR/N we obtain

ẊLR(t) = −(1− µ)aLR,B(t)XLR(t) + λgLR(t) + νLR − (λ+ ν)XLR(t). (25)

Note that νLR =MLR/N = νMLR/M = νmLR. If λ < µ and (µ− λ) = ν, i.e. if the total population
size remains constant, then (23) and (25) yield the same formula.

4 Specific Functional Forms

In this section we specify the functions qLR(F, param;X) and aLR,B(param;X). For intergenerational
language transmission we build on the functional expressions proposed in Templin et al. (2016). Here,
these functional expressions are denoted by q̃L(F ), see Appendix A.3. These functions are constructed
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in such a way that if XH is sufficiently high and S(L) is sufficiently low, then bilingual (BB) and
even mixed couples (LB) do not raise their children as L-monoglots. Earlier we made the assumption
that qH(HH) = 1. To preserve symmetry, we now also assume that qL(LL) = 1, i.e. η = 0. Both
assumptions imply that parents can only transmit languages they speak properly.

In Templin et al. (2016) the authors neglected linguistic concentration, which corresponds to C = 0.
Therefore, we set qLR(F, S,C;X) = q̃LR(F, S;X) whenever C = 0. For C = 1, i.e. maximal
linguistic concentration, we assume that LB and BB families predominantly live in L-dominated areas.
Therefore, given maximal concentration, children in BB families do not grow up as H-monoglots, and
children in LB families become L-monoglots. Furthermore, we assume that half of theHB families live
in H-dominated areas, while the other half resides in L-dominated areas. Given maximal concentration,
we thus assume that one half of all HB children grow up as H-monoglots, while the other half becomes
bilingual. For the mathematical formulae see Appendix A.4.

Next, we specify the functions al,B(S(L), C;X), l = H,L. Let θ and φ be a parameters between 0 and
1. Support for the acquisition of H and L for monolingual speakers of the other language is modeled by
the parameters uH and uL. We set

ãL,B := max
{
0, θS(H)XH − φ(1− uH)

}
,

ãH,B := max
{
0, θS(L)XL − φ(1− uL)

}
.

For maximal support for the acquisition of the local language H for L-monoglots, i.e. uH = 1, the
function ãL,B is strictly increasing in S(H) andXH . This reflects that the higher the socio-economic and
communicational incentives associated with H as well as the exposure to H , the more L-monolinguals
learn H . If no support is made available, then S(H) and XH have to be high enough such that L-
monoglots acquire H . Since linguistic concentration hinders learning of the other language, we set
al,B = (1 − C) ãl,B , l = H,L. Hence, given maximal concentration/segregation, no monolingual
individuals learn the other language.

5 Steady States

In this section we want to investigate possible steady states of the systems described in the previous
two sections. First, we will look at monolingual steady states, that is situations without any bilingual
speakers. Thereafter we are concerned with the more interesting case of steady states containing a
bilingual subpopulation. Steady states are denoted by X̂H , X̂L and X̂B . We only consider the special
cases with constant absolute and constant relative migration flows and assume that λ ≤ µ.

5.1 Monolingual steady states

In a monolingual steady state we have X̂B = 0 and hence X̂H + X̂L = 1. Clearly, this can only yield
a steady state if no bilingual speakers enter the society any more, i.e. MB ≡ 0. Moreover, neither
children nor adults of either language group can learn the other language, otherwise some would become
bilingual. Since HL couples have probability zero, all families are of types HH and LL. This implies
that a monolingual steady state is only possible if either there is only one language group left (X̂H = 1
or X̂L = 1, ) or the population is entirely segregated, which would include L-only eduction for L-pupils
and H-only education for H-pupils. For X̂H = 1 to be stable there can not be any L-migration and for
X̂L = 1 to be stable (economic) incentives to learn H have to be sufficiently low. We are predominantly
interested in cases with a positive inflow of L-speaking newcomers and where the status of the locally
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dominant language H is higher than the one of L, i.e. S(L) < 1/2. Therefore, we neglect the cases for
which monolingual equilibria exist.

5.2 Bilingual steady states

Steady states without any monolingual speakers of the minority language, i.e. X̂L = 0, are only pos-
sible, if all migrants already enter the society as H-monoglots or bilinguals (ML ≡ 0). Given a highly
restrictive migration regime, this could be an imaginable scenario. In reality, though, most states face an
influx of at least some people with no or only little knowledge of the locally dominant language. For the
numerical examples in the subsequent section we therefore assume ML > 0.

In principal, steady states without a monolingual H-subpopulation (X̂H = 0) are possible as well. Vast
migration of L-monoglots combined with a low fertility rate (small λ) and strong linguistic concentration
can lead to a situation in which low rates of H-acquisition by L’s can not compensate for the shrinking
monolingual H population. Whether or not then part of the population remains bilingual, i.e. whether
this yields a steady state with X̂B > 0, depends on the status of H . If the status is relatively low, it is
theoretically possible that H is not learned or transmitted anymore, such that X̂L = 1, but this is a very
unlikely scenario.

In a third possible type of steady states there are monolingual speakers of both languages as well as
bilinguals, i.e. X̂H , X̂L, X̂B > 0. Given a steady influx of L-monolinguals combined with low linguistic
concentration and low status of L, a sufficient number of HB and BB couples raise their children only
in languageH , such that a certainH-monolingual subpopulation remains stable. In the following section
we present numerical examples with and without such an H-monolingual subpopulation.

6 Intervention

Some aspects of the linguistic environment such as the official status of H and L or the language(s)
used in education are already a result of language planning policies. Governmental interventions can
thus be thought of as alterations in the linguistic environment. In terms of the mathematical model,
governmental interventions can be conceptualized as changes in the parameters characterizing the envi-
ronment. The most relevant parameters in our model are probably the official status of L, the educational
parameters sLR1,LR2 and the parameter uH reflecting (institutional) support for the acquisition of H for
L-monolingual newcomers.

In principle, at all levels of the model intervention is conceivable. The state could promote bilingual
child raising and provide information such that the rates qB(LR) increase. Since decision makers can
not or should not force individual families to raise children with a certain language repertoire and since
socio-economic as well as identity related considerations play a major role here, the effect of such a
promotion might be marginal. Much more relevant is education, since it “tends to be the single most
important channel of government intervention in the sphere of language” and in “education in general
remains a major area of competence of states, typically representing between 10% and 20% of aggregate
government expenditure in developed countries” (Grin, 2003, p. 17). Special classes for L-monolingual
pupils could increase the fraction of children successfully acquiring the locally dominant language (sL,B)
and providing bilingual education or at least L-language classes might have the effect that some H-
monolingual pupils learn L (sH,B > 0). Providing support for the acquisition of H for L-monolingual
adults (uH > 0), e.g. in the form of cheap or free language classes, could increase the rate at which adult
L-monoglots become bilingual. Granting some official status to the minority language, e.g. providing
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administrative information and forms in L, can increase the status of language L. This effects decisions
made by individuals and families at all levels of the model. Note, an increase of S(L) can lead to
a decrease in the number of L’s learning H , since they can then perform more activities in L. Last,
governmental intervention could also influence the linguistic composition of the people entering the
population (mH ,mL,mB ). For example, mandatory language test for newcomers are one instrument to
reduce the fraction of L-monolingual migrants.

7 Numerical Examples

The aim of this section is to provide a few numerical examples for the model described above and to
illustrate the language competition graphically. We restrict ourselves to the special case of constant
absolute migration flow and assume that all newcomers enter the population as L-monoglots (mL = 1).

For intergenerational language transmission, i.e. for the functions qLR(F ), we use the same parameter
constellation as in the numerical examples of Templin et al. (2016): ζ = 0.8, ε = 0.4, β = 0.4, δ = 0.7,
γ = 0.1. The yearly birth rate is assumed to be at 1.5% (λ = 0.015), while the yearly death rate is at
2% (µ = 0.02). For adult language learning we set θ = 0.3 and φ = 0.05. Furthermore, we assume that
there is no or only very little support for the acquisition of the newcomer language L by monolingual
speakers of the dominant language, i.e. uL = 0. Similarly, for the few numerical examples investigated
below it is assumed that H-monolingual pupils do not learn L at school, i.e. sH,B = 0. Setting uL = 0
or sH,B = 0 would have a negative effect on the relative number of H-monoglots.

Hence, for the numerical examples only four parameters are varying: the status variable S(L), the lin-
guistic concentration measure C, the fraction of pupils entering the school as L-monoglots and addition-
ally learnH during formal education and the support for the acquisition of the locally dominant language
H by newcomers uH .

In Table 2 parameter values for six numerical examples are specified. Additionally, the corresponding
steady states are provided. Table 3 displays the distribution of speakers after 50 and 100 years, starting
at XH(0) = 0.85 and XL(0) = 0.15 and at the steady state population size. We choose the status of the
minority language S(L) in the first four examples to be 0.2, while for the last two examples the status
is 0.4 and hence considerably higher. In most examples the linguistic concentration measure C is at
1/2, 80% of all L-monolingual children learn the dominant language H at school and maximal support
for the acquisition of the dominant language by adults is provided (uH = 1). For Example 1, which
shall function as a reference case, the steady states consists of 25% H-monoglots, 12% L-Monoglots
and 63% bilinguals. Comparing the steady states with the first line of Table 3 it becomes apparent that
even after 100 years the linguistic composition is not close to its steady state yet. In Example 2 no
support is provided for the acquisition of H by L-monolingual adults. As expected this increases the
number of L-monolgots in the steady state by 20%, while after 100 years we only observe an increase
of 2.5%. Example 3 shows results for zero linguistic concentration. Due to high rates of exposure to H
and extensive contact with H-monolgots, sufficiently many HB families emerge and a relatively large
number of children in those and BB families are raised as H-monolgots. This yields a steady state in
which almost half of the population is monolingual in H . In contrast, Example 4 illustrates the case of
full linguistic concentration. For C = 1 no HB couples form and none of the BB families raise their
children only in language H . As a result, since λ < µ, the H-monolingual population dies out in the
long run. The higher status of language L in Example 5 yields, compared with Example 1, a decrease
in the number of H-monoglots and an increase in the number of L-monoglots. This can be explained
by the higher attractiveness of language L and, respectively, by the lower attractiveness of H . Fewer
L-monoglots become bilingual and, at the same time, fewer bilingual parents only transmit H to their
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S(L) C sL,B uH X̂H X̂L X̂B

Example 1 0.2 0.5 0.8 1 0.252 0.122 0.626
Example 2 0.2 0.5 0.8 0 0.126 0.327 0.547
Example 3 0.2 0 0.8 1 0.456 0.040 0.504
Example 4 0.2 1 0.8 1 0 0.4 0.6
Example 5 0.4 0.5 0.8 1 0.128 0.210 0.662
Example 6 0.4 0.5 0.5 1 0.060 0.385 0.554

Table 2: Parameter values for six numerical examples and corresponding steady states.

XH(50) XL(50) XB(50) XH(100) XL(100) XB(100)

Example 1 0.681 0.052 0.267 0.562 0.062 0.376
Example 2 0.679 0.069 0.252 0.557 0.085 0.357
Example 3 0.702 0.027 0.271 0.610 0.030 0.360
Example 4 0.664 0.237 0.099 0.517 0.286 0.197
Example 5 0.670 0.066 0.264. 0.536 0.079 0.385
Example 6 0.670 0.074 0.256 0.534 0.092 0.374

Table 3: Distribution of speakers after 50 and 100 years for the numerical examples defined in Table 2.
The initial linguistic composition is XH(0) = 0.85, XL(0) = 0.15 and XB(0) = 0 and the population
size is assumed to be in the steady state.

children. In the last example only half of all L-monolingual pupils learn H at school. This results in a
even lower number of H-monolinguals and an increased number of L-monolingual adults.

Looking at the numbers in Table 3 and comparing them with the steady states in Table 2 two important
properties of the model can be observed. First, one can see that it takes many years until the linguistic
composition reaches its steady state. Hence, for the analysis of short- and medium-term developments –
for which the parameters can be assumed to be constant – it is not sufficient just to consider steady states.
Second, one can see that in the short- and medium-term a change in one ore more parameters mainly
affects the fraction of L-monolingual and bilingual speakers. This can be explained by the fact that few
H-monolinguals learn L despite of its status. Furthermore, sL,B and uH only affect L’s. On top of that
it takes some generations for intergeneration language transmission and for low fertility to change the
linguistic composition noticeably.

Last, we provide a few trajectories that shall graphically illustrate the results depicted in Tables 2 and
3. In Figure 2 the Examples 1 and 4 are displayed for initial composition XH(0) = 0.85 and XL(0) =
0.15 and for steady state population size. Figure 3 shows trajectories for the same examples with the
same initial composition but with changing population size. Here, an initial population of 100 million
people and a constant yearly migration inflow of 200,000 L-monolinguals is considered. Compared
with the situation in which the total population size is at its steady state (40 million), here the fractions
of L-monolgots and bilinguals are increasing much slower. To get a better understanding of how the
different language groups evolve in the medium-term, Figure 4 shows the absolute number of speakers
for Examples 1 and 4. It can be seen that although the fraction of H-monoglots decreases only slightly
(see Figure 3), the absolute number of H-monoglots and with them the overall population size shrinks
dramatically over the first 100 years due to the low fertility rate.
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(a) Example 1 (b) Example 4

Figure 2: Trajectories for fractions of speakers for Examples 1 and 4 for initial composition XH(0) =
0.85 and XL(0) = 0.15 and for steady state population size.

8 Conclusion and Outlook

In this paper we develop and analyze a language dynamics model for “new minorities” that includes in-
tergenerational language transmission, formal language education and adult language learning. Speakers
of the newcomer language L enter a society with one (main) official language H , which is spoken by
most society members. To improve their socio-economic position within the host country, some of the
newcomers learn the locally dominant language H . The more they get in contact with speakers of H , the
higher their exposure toH and consequently the more likely they are to acquire this language. The model
includes a parameter measuring linguistic concentration. The more segregated both language groups are,
the lower is the exposure to the other language and thus fwer people become bilingual. More important
for longer-term language dynamics than adult language learning is intergenerational language transmis-
sion and language education for the descendants of newcomers. Individuals form families and transmit
one or all of their languages to their children. The decisions on which languages to transmit are driven
by instrumental and emotional motives, as well as costs. While the locally dominant language usually
promises better socio-economic opportunities for their children, many newcomers want to transmit their
heritage language to the next generation. Especially if children live in a social environment dominated
byH and if they are only educated inH , then transmitting the minority language might not be successful
and after two or three generations the language is lost. Therefore, linguistic concentration supports the
transmission of L, but might hinder a proper acquisition of H . f We argue that to design a mathematical
model, which could be used to compare medium- and long-term outcomes of certain policy options, its
variables and parameters have to be measurable in the field. This takes particular regards of the status
parameter. On the one hand we follow Fernando et al. (2010) in their criticism of the abstract status
parameter used in a number of language competition models. But in contrast to them we emphasize the
role of factors related to the socio-economic and the institutional status issues for individual language
related decisions. Instead of omitting the status from the model we therefore suggest a measurable status
parameter composed of the socio-economic status of the language repertoire groups and the institutional
status, which is operationalized as the number of official domains the languages can be used for. This
yields an indicator of (1) the socio-economic opportunities related to a language, (2) the usefulness of
a language in communication with state authorities and (3) the socio-economic resources available to
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(a) Example 1 (b) Example 4

Figure 3: Trajectories for fractions of speakers for Examples 1 and 4. The initial population consists
of 100 million people (85 million are H-monoglots and 15 million are L-monolgots) and every year
200,000 new L-monolinguals enter the population.

members of a language repertoire group. Two other important aspects that have to be taken into account
are population dynamics and time scales. Using birth, death and migration rates obtained from empirical
surveys allows for the model to be closer to real developments. Moreover, for the model to be realis-
tic one has to know how fast things are happening. Furthermore, short- and medium-term analyses are
probably more interesting for policy makers than developments over hundreds of years, for which it is,
on top of that, hard to argue for parameters to be constant.

The analysis of long-term dynamics shows that monolingual steady states are only possible for fully seg-
regated populations. Due to the continuous influx of L-speakers on the one hand and the relatively high
status ofH on the other hand, steady states with only one language group are highly unlikely. Much more
likely are, however, steady states with monolinguals of both languages as well as bilinguals. This can be
seen in Table 2, where steady states are calculated for different parameter constellations characterizing
the linguistic environment. In all cases, except for Example 4, for which the H-monolingual population
dies out in the long-run as a result of linguistic concentration and low fertility rates, the steady state
consists of monolinguals of both languages as well as bilinguals. Table 3, in which the linguistic compo-
sition after 50 and 100 years is depicted for all the numerical examples, illustrates the insufficiency of an
analysis concentrating only on steady states. Although steady states differ notably for the six examples,
the difference after 50 and even 100 years is not as dramatic. It can be seen that during the first 50
years the H-monolingual population is barely affected by language policy measures targeting speakers
of L. Since the “original” H-monolingual population dies out (low fertility) and “new” H-speakers have
L-descendants, effects of such policies on XH can only be observed in the long-run. For the fractions of
L-monolinguals and bilinguals the short- and medium-term effects of changes in relevant model parame-
ters are more significant. Here, in particular, the role of linguistic concentration must be emphasized. For
maximal linguistic concentration (C = 1) after 50 years the fraction of L-monoglots is almost five times
higher compared with the case of moderate linguistic concentration (C = 0.5). The effects of changes
in model parameters related to language education and support for adult language learning are not as
strong but can be observed as well. The same holds true for changes in the status parameter. In Section
7 we furthermore illustrate that neglecting population dynamics and assuming a steady state population
size might have a strong impact on the analysis of short- and medium-term developments. If the overall
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(a) Example 1 (b) Example 4

Figure 4: Trajectories for absolute number of speakers for Examples 1 and 4. The initial population
consists of 100 million people (85 million are H-monoglots and 15 million are L-monolgots) and every
year 200,000 new L-monolinguals enter the population.

population size is shrinking towards its steady state, then the influx of L’s has a weaker effect on the lin-
guistic composition of the population compared to the steady state case. At the same time, the absolute
number of H-monolgots shrinks rapidly, while their relative number shrinks much slower. This shows
that relative as well as absolute numbers should be considered in order to describe fully the population’s
linguistic development.

We see this paper as a point of departure for future research on language dynamics in societies with
new language minorities. To get closer to the complexity of the processes at hand, the model can be
extended and refined in several ways. First, in the current version of the model we only consider one
language minority, while normally one can observe a variety of minority language groups. In the case
of multiple linguistic minorities the locally dominant language H is not only a mean of upward social
mobility, but can also function as a vehicular language used in communication between speakers of
different minority languages. Second, different levels of linguistic competences or actual language use
(instead of proficiency) could be modeled. Third, the current model concentrates on permanent migration
and mostly neglects mobile individuals which stay only temporarily and leave the country after a couple
of years. Particularly in view of highly skilled workers or international students, who frequently belong
to this category, a model taking into account international vehicular languages that are (partially) spoken
by locals as well as newcomers – as in the case of English – would be of interest.

So far the model allows us to simulate the future effects of changes in the linguistic environment, which
might be the result of language planning policies. For the model to be used in policy analysis, the costs of
language policies have to be included. If estimates on (per-capita) costs are available, then the costs and
outcomes of certain language policies can be compared, for example in the form of cost-effectiveness
analyses. Furthermore, if benefits are defined and operationalized, for example as the propensity to pay
for being able to communicate with state authorities in ones heritage language, then the model could also
be used for cost-benefit analyses.
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A Appendix

A.1 Measuring segregation

Segregation is a “multidimensional phenomenon varying along five distinct axes of measurement: even-
ness, exposure, concentration, centralization, and clustering” (Massey & Denton, 1988, p. 281). This is
one reason why in the literature a number of different indices for spatial segregation can be found. It is
out of the scope of this paper to give a detailed overview on the discussion of how to measure segrega-
tion. Instead, we refer the interested reader to the literature, see e.g. Massey & Denton (1988) or Morrill
(2016), and just provide three well-known examples of segregation indices.

Within a given territory we consider two distinct groups Y and Z. Let NY be the total number of Y ’s
and NZ be the total number of Z’s. Let N := NY + NZ . Furthermore, the territory is divided into K
areas (sub-territories). For k = 1, ...,K let NY,k (resp. NZ,k ) denote the number of Y ’s (resp. Z’s) in
area k. Finally, set Nk := NY,k +NZ,k.

First, we consider the classical index of dissimilarity ID:

ID =
1

2

K∑
k=1

∣∣∣∣NY,k

NY
−
NZ,k

NZ

∣∣∣∣ .
The index of dissimilarity can be interpreted as the proportion of the minority population Z that has to
move such that all K areas have the same proportion of Z’s. One problem with the ID is that it is a
structural measure of evenness across the K areas, “not of segregation in a geographic sense” (Morrill,
2016, p. 27). For example, the measure is unable to differentiate between cases where areas with a high
Z concentration are close to each other or far apart. This is well illustrated in Morrill (2016).

Second, we consider an index of isolation:

ZIIZ =

K∑
k=1

NZ,k

NZ

NZ,k

Nk
.

This index measures the percentage ofZ’s in the own geographical area for the averageZ-speaker. While
the ID is symmetrical, in general ZIIZ and Y IIY do not yield the same results. This way it can e.g. be
displayed that as the majority Y ’s are more segregated from Z’s than the other way around.

Third, we consider an index of exposure:

ZIEY =

K∑
k=1

NZ,k

NZ

NY,k

Nk
= 1−Z IIZ .

This (second) index of exposure (or interaction index) measures the extend to which average Z’s are
exposed Y ’s. As the index of dissimilarity, the measures ZIIZ and ZIEY do neither account for the
geographical sizes of the areas nor their distance to one another. Nonetheless, they are able segregation
and expose to some extend and are relatively easy to obtain from census-like data. In the literature spatial
and other extensions of these basic indices are provided, see e.g. Morrill (2016).
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A.2 Family formation

Consider a population of size 2N , where N is large. Suppose that the population consists of N female
and N male individuals. Let NH denote the number of female H-monolinguals, NL the number of
female L-monolinguals and NB the number of female bilinguals. We assume that these numbers are the
same for the male population. The distribution of speakers is given by XH = NH/N , XL = NL/N and
XB = NB/N .

Family formation can be conceptualized as a repeated random procedure of choosing pairs. Let us start
with one randomly chosen pair consisting of a female Y and a male Z. The probabilities that a certain
pair is chosen depends on the numbers of speakers as well as on the linguistic concentration. For maximal
concentration, i.e. C = 1, H monolinguals will only meet other H monolinguals. Let us start with a pair
consisting of two H monolingual adults. The probability for such a pair is given by

P[Y = H,Z = H] = P[Y = H]P [Z = H Y = H]

= P[Y = H] (C + (1− C)P[Z = H])

= XH

(
C + (1− C)XH

)
(26)

Next, we consider pairs with one H monoglot and one adult who (also) speaks L. Let LR ∈ {L,B}.
Then

P[Y = H,Z = LR] = P[Y = H]P [Z = LR Y = H]

= P[Y = H] ((1− C)P[Z = LR])

= (1− C)XHXLR (27)

Finally, we consider pairs where both adults speak L. Let LR1, LR2 ∈ {L,B}. Then

P[Y = LR1, Z = LR2] = P[Y = LR1]P [Z = LR2 Y = LR1]

= P[Y = LR1]P[Z = LR2]

(
1 + C

(
1

P[Z = L] + P[Z = B]
− 1

))
= XLR1XLR2

(
1 + C

XH

1−XH

)
(28)

Note that a family type LR1LR2, LR1 6= LR2, is obtained either by Y = LR1; Z = LR2 or by
Y = LR2; Z = LR1 (for the family type we do not take the gender of the parents into account).
Hence, the probability of obtaining a pair of type LR1LR2, LR1, LR2 ∈ {H,L,B} is given by P[Y =
LR1, Z = LR2], if L1 = L2, and by 2P[Y = LR1, Z = LR2], if L1 6= L2.

Alll N pairs are chosen randomly after one another. The total expected number of LR1LR2-type pairs
equals N · P[LR1LR2] and hence the expected fraction of LR1LR2-type pairs is P[LR1LR2]. We
assume that all couples of types other than HL form families. Recall, we assume that parents shall be
able to properly communicate with each other, and therefore we exclude HL families. Hence, after this
first step we have N pairs with 2N(1− C)XHXL of them being of type HL. Splitting these HL pairs
again and repeating the random selection we obtain new pairs of typesHH , LL andHL. This procedure
is repeated until only HH and LL pairs remain. This way, half of the 2N(1 − C)XHXL pairs of type
HL will be transformed into HH pairs, while the other half will form LL pairs. As a result, we obtain
the numbers presented in equations (9)-(13). Note, due to the law of large numbers (N is assumed to be
large), the realized number of LR1LR2-type of pairs can be approximated by the expected number.
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A.3 Functional expressions for q̃L(F )

For non-negative parameters 0 ≤ η < β < δ and ε+ γ < ζ < 1 consider the functions

q̃H(HH,S;X) := 1− ηS(L)XL

q̃H(HB,S;X) := max {0, ζS(H)− βS(L)XL}
q̃H(BB,S;X) := max {0, εS(H) + γS(H)XH − δS(L)XL}
q̃L(LL, S;X) := 1− ηS(H)XH

q̃L(LB, S;X) := max {0, ζS(L)− βS(H)XH}
q̃L(BB,S;X) := max {0, εS(L) + γS(L)XL − δS(H)XH} .

Note, S(H) = 1− S(L).

A.4 The functions qL(F )

For C ∈ [0, 1] the functions qL(F, S,C;X) are given by

qH(HH,S,C;X) = 1

qH(HB,S,C;X) = (1− C) · q̃H(HB,S;X) + C/2

qH(BB,S,C;X) = (1− C) · q̃H(BB,S;X)

qL(LL, S,C;X) = 1

qL(LB, S,C;X) = (1− C) · q̃L(LB, S;X) + C

qL(BB,S,C;X) = (1− C) · q̃L(BB,S;X) + C.
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